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ABSTRACT
The purpose of this work is to provide reasonably 
accurate data on continuous absorption by Carbon negative 
ions for astrophysical applications.
Chapter 1 contains a brief discussion on atomic 
negative ions, and the theoretical formulation of the photo­
detachment process
l\ V -t" o  —  ^ c»- "V O  •
A short account of the available data on photodetachment is 
given, and the need for more comprehensive theoretical 
results for ions other than H”* is indicated. In Chapter 2 
various separable orbital approximations to the photodetach­
ment cross section of C” are considered; Hartree Pock wave 
functions for the bound electrons and static central field 
exchange functions for the continuum electron being those 
finally adopted. The effects of continuum correlation are 
also discussed. Chapter 5 gives a short account of elastic 
scattering of slow electrons by atoms, and results for the 
process
^ 4r C  —  ^ 0, 4- C/
are presented in the static central field exchange approxi­
mation. In Chapter 4 the free free transitions 
ViV H-C - e 4 - C
of an electron in the field of a carbon atom are discussed.
and the final results for the continuous absorption 
coefficient of C“ are presented over a wide range of tempera­
tures and wavelengths. Chapter 5 gives a brief survey of the 
problem of model stellar atmospheres, and indicates how the 
results of the earlier chapters may be used to compute the 
theoretical spectrum of model stars with high carbon content.
ACKNOV'/LEDGEMSNTS
I am very grateful to the University of London and 
D.S.I.R. for the receipt of Studentships which made this 
work possible. I should like to extend my thanks to the 
Director of the Institute of Computer Science, Professor 
R.A. Buckingham, for the extensive time used on the Univer­
sity of London ’Mercury* and ’Atlas* computers, and the 
University of Manchester ’Atlas’ computer. Dr. P. Kelly, 
of Lockheed Missiles and Space Corporation, very kindly 
provided analytic Hartree Pock wave functions for C and C”. 
Finally, I am deeply indebted to my supervisor. Dr. M.R.C. 
McDowell, for his continued interest and guidance throughout 
the course of this work, and to Professor M.J. Seaton for 
many helpful comments.
CHAPTER 1. INTRODUCTION
gl. Atomic negative ions
A neutral atom may be regarded as a system consist­
ing of a point nucleus surrounded by a cloud of atomic 
electrons. An additional electron near the atom experiences 
an attractive field of force falling off much more rapidly 
than that acting on one of the atomic electrons. In the 
latter case, the asymptotic form of the field is Coulombic, 
whilst the additional electron feels an inverse fourth power 
law, due mainly to polarisation effects (Massey (1950)).
Thus if we consider a simple model of a negative ion as 
consisting of an electron in an attractive field of range a, 
we see that the number of stationary states of the ion is 
finite, as contrasted with the infinite number in a Coulomb 
field. This fact, together with the Pauli exclusion 
principle, imposes a severe restriction on the number of 
elements which can form stable negative ions; in general 
those atoms with completely filled outer shells will not 
form stable negative ions, but, for example, the halogen 
gases prove highly electronegative.
The necessary condition for the formation of a 
stable negative ion is that its total binding energy be
greater than that of the corresponding neutral atom, i.e.
V c \ \
where is the binding energy of the i'th atomic electron
before attachment, E^" is the binding energy of that 
electron after attachment, E^ is the binding energy of the 
attached electron, and Z is the atomic number. Defining the 
electron affinity to be
È, A, c h.\ ^  (6  ^ - b'v, 3 5 1.1.2
L % \
the criterion for the formation of a stable negative ion is 
that it should have a positive electron affinity, sometimes 
called the detachment energy. Due to the weak attractive 
potentials, the E.A. for negative ions is generally small in 
comparison with the total energies involved, and therefore 
difficult to evaluate.
Glockler (1934) attempted to derive values of 
electron affinities by extrapolation of the known ionisation 
potentials of the neutral atoms and positive ions iso- 
electronic with the negative ion. He assumed a relation of 
the form
I - A. 4- c  ^ 1.1.3
where I is the ionisation potential of the atoms or positive 
ions of atomic number Z, and determined the constants a,b,c
from the known values of I. The results obtained by this 
method v;ere modified by Bates (194?) and some later calcula­
tions ^ (Johnson & Rohrlich (1959), Edlén (i960), Edie & 
Rohrlich (1962)), adopted a term in 1/2 in the extrapolation 
procedure, which gave results in better agreement with 
experiment. More recently, (Crossley & Goulson (1965)), it 
has been shown that although (1.1.3) has a sound theoretical 
basis for the extrapolation of ionisation potentials, a 
modified form is required to obtain electron affinities; 
the results from this method have been presented by Crossley 
(1964). Further theoretical results for electron affinities 
have been obtained by, for example, the variational calcula­
tions of Moiseiwitsch (1954), Pekeris (1958), and lately by 
Clementi and McLean (1964) who'used a Hartree-Fock method 
for relatively complex atoms and included an estimate of the 
correlation energy by a method proposed by Clementi (1963)# 
Experimental determinations of electron affinities have been 
derived from, for example, the photodetachment experiments 
of Branscomb et al., shock wave absorption (Berry et al. 
(1963)), surface ionisation (Bailey (1958)), and electron 
impact ionisation (Schulz (1962)). The results, within the 
margin of experimental error, are probably most accurate by 
the first two methods.
The binding energies of negative atomic ions range
7from close to zero to about 4 eV, and hence the thresholds 
for the photodetachment processes
k y  4- y.- — > X  -V e  1.1.4
will lie primarily in the infrared and visible regions of the 
spectrum. The absorption spectrum of a negative ion may be 
expected to consist of a pure continuum starting at the 
frequency corresponding to the binding energy of the ion in 
its ground state, and extending to higher frequencies.
There may be structure in the continuum due to autoionising 
transitions involving absorption to possible unstable doubly 
excited states, and the appearance of allowed lines, arising 
from weakly bound higher configurations, just to the long 
wavelength side of the continuum cannot be excluded 
theoretically.
Continuous absorption by atomic negative ions
(a) Theoretical formulation
We may represent a photon by a properly normalised 
solution of Maxwell’s equations; if we consider the plane 
wave solution, then this can always be expressed in terms 
of a vector potential only. Following Feynmann (1961), we 
write then
A = ^  ^KT b " K . % )
cjp z o  i 1 .2.1
8as the equations describing the electromagnetic field, where 
K  is the wave vector ^ | X | % w /  c , 1r> to is the
energy (lr\ w  - V ) of the photon, and £ is the polarisa­
tion vector. We require the normalisation of A to correspond 
to unit probability per cubic centimetre of finding the 
photon, that is the average density should be to .
Now
E  % _ 1  ^  = LOO.' 6 (wt - k . 2: ) 1.2.2
4 c
and, since |E ( = ]B\ for a plane wave, we have
to c. to Ou
1.2.5
y
and hence c ( 2^^C^/to) 1.2.4
Thus the properly normalised E/M field is represented by
-  0 ,
1.2.5
where the two exponential terms correspond to absorption and 
emission respectively.
Suppose now for simplicity that a one electron atom 
or ion is in a state (normalised to unit density), v/ith
energy , and makes a transition to a state with
energy E^ with emission of a photon. The probability of 
transition per second, is the same as if we considered
the photon as represented by the vector potential
^ o  ,
1.2.6
and is given by the usual quantal formula obtained from first 
order perturbation theory, (see for example Bates (1962))^
Pfc = I E  , 1.2.7
"b.
where is the density of states per cubic centimetre, 
that is
Jx " — V<^ oLV< cL XIL 1.2.8
where .TL is the solid angle between K and r, d A  - d.(co^9)dL^. 
The matrix element u^^ is given by
I 1 >  1.2.9
where A M  is the perturbation of the Hamiltonian due to 
A, which we write as
H  - e  1.2.10
— ^  ^ ' C h/Ax
Then, if we write Zf  ^ t  ^  ^ ,
10
vie have
e  e w.(v) e, 1 .2.11
and essentially all the contribution to this matrix element 
comes from i^uo s È;,- (Landau & Lifschitz (1959))#
Now
H  % H o  -V- A H
i X  Vy. A  -t e V
I2yv\C
_ X  ^ 4 . e V - _ e  {:& • Û 4- A , p  ) - o-, 7 x  A
a.wvc o.w\o
~ 6 - 8  
av^o
in the usual notation, Feynmann (1961), and hence
A H  % -g. ^  o ; . 9 x A  1.2.12
2.W1 C C
where we have neglected the term in A.A as the potential
only acts once. It is straightforv/ard to show by operator 
rules that
A = ^ X ol E ^ V Cvot-X*
- - lo-W X %  tv-p ^ L (ui-t - X ’ - U  .
J  ^ 1.2.13
and remembering the commutation rules 
- vU . < •CU. . T" ^
f  a  - - =  e. • ' (fi-
4so that. _ - w u . r
f • S: & 1.2.14
since *6 - O  as the direction of polarisation is 
perpendicular to the wave vector. Hence it follows from 
equations (1.2.10), (1.2.11) and (1.2.12) that
C ^ t t ^ i % . — uU, » X
If ' & 6 " + e  " ' 5T* Ê'~ ld> <ir
T Zvwc - •*■ —
1.2.15
which is exact to the first order in A
We malce the well known dipole approximation by- 
expanding the exponential in the first term and noting 
firstly that K , -r - 0(<^o/^3 so that this term and higher 
terms of the same type may be neglected, while the last term 
is 0  C*tvV</w\c ) - 0  ( ) and so may also be
neglected. Hence in the dipole approximation
- -  ÇfS ^  1.2.16
yv\C
where
%
— VNA UO £ # ^ f *
(Condon and Shortley (1935))*
Thus the transition probability per second reduces to
1.2.17
1Z
p^. A4Z c e V -  0^-^ 1.2.18
^  O** (2.CCCV V^
and hence since Tjp^*£ - it follows that
the total transition probability per second is given by
P %  U r c f  1.2.19
3 w -t.* )
2
which on subsititution for a gives the usual result^ (see 
for example Feynmann (1961))
€ I : ; : * '
for emission of a photon.
We wish now to consider the reverse process, that 
is absorption of a photon by an atomic system causing 
emission of an electron. We define the absorption cross 
section at frequency V  such that the intensity
of a beam of light of frequency V  is reduced by absorp- 
tion by a factor 0  in passing through 1 cm. length of
gas containing N atoms per cm^ (Bates 1946); that is, after 
the beam has travelled 1 cm. the intensity I is related to 
the original intensity by
I - To ^ • 1.2.21
The transition probability per second P* for absorption of a 
photon resulting in emission of an electron of velocity v, 
(the electrons being emitted with unit electron flux), is
13
related to the formula given in (1.2.20) by Milne’s formula 
of detailed balancing, (Milne (1924)),
1.2.22
Hence if we consider 1 atom per cm-^, after one second the
intensity of the beam is reduced to
2.U? V
which must he identically equivalent to & . Hence
expanding the exponential and taking the first two terms 
only since cr^  - 0  (lO C-v^ .^ Jat maximum, (see §2(c))^we 
have in the dipole approximation
jc. 4^ . ±  l v r ‘1^ 1.2.23
But unit electron flux implies that one electron crosses 
unit area per second in a swarm of velocity v. This means 
that, in the ce.se of a plane wave approximation for the 
ejected electron,the radial part of the continuum function 
must be normalised according to
V  ( V kir CJ03 0  ) 1.2.24
(Massey (1950)), where fe- . It is more convenient
to adopt the normalisation
r ”’ b (.ter - 1.2.25
\ ^  \
which introduces a factor ( —  ) in the matrix
elements in (1.2.23). Finally then we obtain, taking the 
conjugate of the matrix element and adopting the new 
normalisation
- h îi 'Cl O/'V) I R
i.e., c:;, = X  otr tky'i i B j f U
3
so that finally
it;, =. X  CEy,+ te^) «-©^  1 E  Cf i ^  ^  c-rvx^  1.2.26
where is the fine structure constant, a^ the Bohr
2
radius, E^is the binding energy and k the energy of the 
ejected electron (in Rydbergs)^and
-CT = 1.2.27
with the normalisation of  ^ to unit density and 
as discussed above.
For a complex system of an atom or ion with Z + 1 
electrons, (1.2.26) generalises straightforwardly to the 
usual quantal formula (see for example Bates (194-6), Bates 
& Seaton (194-9)) for the photo-absorption cross section 
for the process
k v  f  X "  — > X.+ eCte^),
i <  4 c i  I V .
sktes Sha-Çes «
1.2.28
15"
where is the weight factor introduced to average over
the initial states in the case of degeneracy. We have 
expressed (1.2.28) in the dipole length, (D.L.) formulation; 
we could equally well express the matrix elements in dipole 
velocity, (D.V.), or dipole acceleration (D.A.), formulation 
since
« e t  = <  \ t f  >
- -  x .  ( V . B . )
1.2.29
(Condon & Shortley (1935))# We shall refer to these three 
forms as (D.L.), (D.V.) and (D.A.) respectively.
(b) The one electron separable orbital approximation 
for the photodetachment cross section
We now suppose one electron separable orbital wave 
functions, (n', A-%  ^T ) , where yv\^ / are the
total quantum number, orbital angular momentum, and 
z-component of the orbital angular momentum respectively. 
(See Chapter 2.)
1h
The wave function for the initial state is 
expressed as a properly antisymmetrised linear combination 
of Slater determinants, (Slater (1929)  ^ see also Chapter 2), 
with
(p = X  /  (.9,(^1 i_ 1 .2.50
JC f
where
Y""'' p ' r ' V ^ o ^ s )
t' L 44C J  ^ j
t* ( u j  being the associated Legendre polynomial^ 
and
) C|) = j " P d - r  c. 1 . 1.2.31
The final state wave function is then expressed as a properly 
antisymmetrised linear combination of Slater determinants 
for the core system X, multiplied by the partial wave 
expansion for the outgoing electron
c (CAS.e'i r
& 1.2.32
where ?.. . (r) ^  ^  ( ter- 4- ^
R. > t  o o
(see Chapter 3), and is the £*th order php.se shift.
After performing the angular integrations, summing and 
averaging over the initial states, and summing over the
^7
final states, equation (1.2.28) reduces in a straightforward 
manner to
55
for the photodetachment of an (v\.t) electron. Here the
are matrix elements
;, - A  PfcUt,
1.2.54
and we will not use | (D.A.) as, for one electron
separable orbitals, it is of uncertain reliability (see 
below). ^  is an overlap integral,
=  II f  P j * '   ^ 1-2-55
prwSSCv€
eCttnoi^NS
representing the correction to the cross section to allow 
for distortion of the wave functions of the passive electrons 
due to the transition of the active electron, and is usually 
close to or less than unity (Bates (1946)). The ^ \ &re
angular integration coefficients; the calculation of these 
is elementary and we give here just a table of the lower 
shell cases (see table 1.1, cf. Bates (1946)). These may 
also be obtained by the use of fractional parentage
18
TABLE 1.1.
ANGULAR INTEGRATION COEFFICIENTS
Initial state Final (core) state
los ^S
s 2  I s s 2s
^  &-1
non existent 
non existent
C 1+1
1
2
p p 1/5 2/5
p2 5p P 2/5 4/5
p" "D P ^P 2/5 4/5
p2 ^8 P ^P 2/5 4/3
p5 p2 5p 1 2
p2 Ip 0 0
p2 Is 0 0
p5 p2 5p 1/2 1
p2 1/2 1
p2 Is 0 0
p5 2p p2 5p 1/2 1
p2 Ip 5/18 5/9
p2 Is 2/9 4/9
p^ 5p p5 ^s 4/9 8/9
p5 2p 5/9 10/9
p5 2p 1/5 2/3
P^ "D p5 0 0
p5 2p 1 2
p5 2p 1/5 2/3
(cont'd.)
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TABLE 1.1 (continued)
Initial state Final (core) state
^ t-1 ^ 8+1
is p5 0 0
p5 2p 0 0
p5 2p 4/3 8/3
p5 2p P^ 5p 1 2
P^ 5/9 10/9
P^ % 1/9 2/9
P^ is p5 2p 2 4
20
coefficients for the configuration [ U  (, kP, S L y
(Armstrong (1959))•
Hence it is seen that the evaluation of the photo­
detachment cross section in the one electron separable 
orbital approximation depends on the evaluation of the 
matrix elements ’ and it is worth commenting
briefly on the behaviour of the three formulations (D.L.), 
(D.V.) and (D.A.), (which are of course identically 
equivalent if the wave functions used in (1.2.28) are exact). 
However the following points emerge when the one electron 
separable orbital approximation is used:
(i) (D.L.) weights the region of large r. Here the con­
tinuum functions have reached their asymptotic form 
but since the bound state wave functions are determined 
from the Ritz variational principle, that is minimisa­
tion of the total energy of the system, these are 
probably not very accurate at large r.
(ii) (D.V.) v/eights the region, approximately, 5 ^ r < 10, 
where the combination of bound and free wave functions 
is probably most accurate.
(iii)(D.A.) weights the region of small r where although
the bound state wave function is reasonably accurate,
even small discrepancies in the behaviour of the
continuum function can radically affect the cross 
section, (Seaton (1951), Geltman (1962)).
21
Hence it is seen that the (D.V.) results will probably be 
most reliable; we shall see later in §5 that this is indeed 
the case.
(c) The threshold behaviour and magnitude of 
the cross section
It is also of interest to obtain the behaviour of 
the photodetachment cross section at threshold, that is as 
k — > 0. Since the atomic potential is short ranged, we 
consider an effective range r^ and write for example
= te S'V (ter 4- &© ) ^ , 1.2.36
while for r < r^ we suppose to be the solution
for a square well of depth D, (Mott and Massey (194-9)),
Pu,i C (-r) = teh sio (ter4- S©) SvV teV
R, ,  b }
s i n
te* ^  2  22. 3)
■k* 1.2.37
For photodetachment of a p-electron the (D.L.) matrix 
element then becomes
^  Sv n  fejr /<*) r  (pLr
o SuA Vi*
1.2.38
and if we remember that
S  — >  Tv. -V -+y^ ...... )
^ k->c '
where is an integer and the depend on J0 , (Mott
and Massey (194-9)), then if for simplicity P2p(r) takes the
f, dC’C
general form A < ^  where A ^ 0( are variational
parameters, we find after some lengthy analysis that
where the h^ are functions of ygj ^ A  > '^ o •
similarly
cr d, - ) 1.2.40
^ te->o
(Branscomb et al. (1958))j
^hile for ejection of an s-electron
^  (c^ + t, k^ -*- C5.k^-e--) 1.2.41
Hence for the process
4^  W  -4> H  4- 6 (for example),
the threshold photodetachment cross section takes the form
V u l  CEy+E)  . ] 1.2.42
2
where B = k , so that the slope at threshold is proportional 
1 / 2to E ' , whereas for the photodetachment of a p-electron,
23
for example,
-V o ~  o -V e j
showing that in this case the cross section has infinite 
slope at threshold. This introduces a marked contrast in 
the behaviour of the two cross sections over the whole range; 
that for H”* is roughly parabolic in shape, while that for O” 
rises sharply from threshold and falls off more slowly at 
shorter wavelengths. It is also interesting to notice the 
zero threshold value of the photodetachment cross section, 
in contrast to the finite value for a photoionisation 
process, (Bates (194-6)).
The maximum magnitude of the photodetachment cross
19 16 2section for a given species varies between 10" and lO" cm ,
for example from (1.2.35) we have for photodetachment from
C "
i ? xlo-"’. for Gt,
=  ^  X  >0 E f a  <3% ^  
c  I'Bx'o ^ c*v\^ if ^
1.2.44
2t
(d) Experimental determination of the photodetachment 
cross section
A number of important experiments have been 
performed on detachment of electrons from negative ions by 
photo-absorption, the more recent work involves the use of 
modulated crossed beam techniques developed by Branscomb and 
Smith (1955)1 (see Branscorab (1962), McDaniel (1964) for 
reviews). If we consider an X" ion to be moving in the 
direction x with velocity v and to be illuminated at the 
point X with normally incident radiant flux
ergs/cm^sec. of parallel light in the range \  to X 4r cL"X , 
then the probability that the ion loses an electron in 
travelling a distance dx is
•P^ Ax, ^  ^cr ( x'i ^ x'i ‘X ct'X 1.2.44
V  Wc
where cr(X') is the photodetachment cross section at 
wavelength X  . We define as the normalised
radiant flux in the following manner
1.2.45
S
where s is a small distance perpendicular to the ion beam, 
larger than the width of the beam, but small enough so that 
the light intensity is constant, and w(x)/s is the power 
density at the ion beam. Then the probability of detachment
26-
when the ion passes through a distance L is
u
f - -L ^ ex') X ^ u) (x,) cix, cLX
V \ c % r S  o
^  ^  ^o-Cx-^cb'CX^ \
Vvc-o-S 1.2.46
L
where W  - is the total power incident on the area
sL and is independent of L if L is greater than the width of 
the light beam. In practice a chopped beam of average power 
W  is used and
P  = ^   ^ \dL\ . 1.2.47
V v C v rS
Now the experimental probability of detachment is 
that is the ratio of the electron current to the ion current 
drawn off. This ratio may then be compared with the result 
for , determined from (1.2.47) using the experimental
values of X') ^ ^ W  and the theoretical cross section
cr ( , and gives a measure of the accuracy of the
theoretical values of O" ( XI . Additional information may 
be obtained by inserting sharp cut off filters of normal 
transmission T  ( and evaluating
1.2.46 
Vv CAT'S
when the value of ^exp^^theor the accuracy of the
theoretical cross section in the region of the filter.
26
Absolute measurements of the experimental photodetachment 
cross section may be obtained in the regions where it is 
slowly varying (see §3(b)).
The principle of the photodetachment apparatus is 
shown in fig. 1.1. The ion source is a hot cathode arc or 
glow discharge; the 2500 volt ions pass from this through a 
mass selector with post deceleration so that a colliniated 
beam of one species of ions of low noise characteristics 
reaches the reaction chamber at 300 eV. About one watt of 
quasi monochromatic radiation is provided by the optical 
system, shown in fig. 1.2 at the point of intersection of 
the photon and ion beams. The superposition of weak 
electric and magnetic fields perpendicular to the ion and 
photon beams suffices to collect the slow photodetached 
electrons, and the spurious signal arising from negative ion 
collisional detachment is minimised by modulating the photon 
beam at audio frequencies and using narrow band phase . 
sensitive detectors. The use of electron multipliers permits 
experiments to be carried out vdth ion currents as low as 
5 X 10""^ ^ amps and thus allows studies to be made on ions 
such as O'" which are difficult to produce in large quantities
Because of the difficulties involved in the radio- 
metric calibrations and in proving that all the photo­
detached electrons are collected, absolute values of the
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cross section are more difficult to obtain* However Smith 
and Burch (1959) measured the relative photodetachment cross 
section for H“ from 4-00°A to 15000°A with a probable total 
error of 5% relative to a control filter at 5280°A, and 
absolute values were finally obtained by normalising the 
experimental results to those of Geltman (1962) at this 
wavelength (see §5(a)). Absolute values of the photodetach­
ment cross sections for C~, 0~, I~ are not so involved to 
obtain if the cross sections are slowly varying for photon 
energies more than 0.2 eV above threshold, when a modified 
analysis derived from (1.2*4 8) may be used. (Branscomb et al. 
(1958), see §5(b)).
§5• Available data on atomic negative ion photo­
detachment cross sections
( a )  S :
Since the early calculation (Bates and Massey (194-0)) 
which used a simple variational bound state wave function for 
H" and a plane wave multiplied by a suitably antisymmetrised 
unperturbed hydrogen atom wave function for the final state, 
much effort has been concentrated into providing accurate 
results for the absolute magnitude and shape of the photo­
detachment cross section for H", the accuracy being measured 
essentially by the agreement between the (B.L.), (D.V.) and
30
(D.A.) formulations. Many improvements were made in a long 
series of papers by Chandrasekhar and his collaborators, 
culminating in one by Chandrasekhar (1958) using both an 
eleven parameter variational function of Henrich (1944-) and 
a twenty parameter Hart-Herzberg function (1957) for the 
bound state of H” , and the static central field approximation 
for the continuum electron. The results appeared to indicate 
a lack of sensitivity to the different bound state wave 
functions, but improvement was achieved by John (1960a) who 
used full Hartree Pock continuum functions. Very accurate 
results have been obtained by Geltman (1962) using a seventy 
parameter Schwartz variational function for the bound state 
of H" (Schwartz (1961), unpublished), and a correlated 
continuum function, including both radial and angular 
correlation between the position of the ejected electron 
and the bound electron. Geltman*s results are shown in 
fig. 1.3, together with the experimental results of Smith 
and Burch (1959), normalised to the (D.V.) curve at 5280°A 
within the 10% error limit on the experimental values. The 
agreement between the (D.L.), (D.V.) and (D.A.) theoretical 
curves and the absolute experimental curve is very good.
More recently Doughty and Fraser (1964-) attempted an 
alternative approach to the inclusion of correlation and 
polarisation effects in the exchange free waves, namely the
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use of eigenfunction expansions of the type suggested by 
Percival and Seaton (1957)* Their best (D.V.) photo­
detachment cross section using the seventy parameter 
Schwartz function and the free state eigenfunction expansion 
including (Is), (2s) and (2p) waves are shown in table 1.2 
together with the results of Geltman cited above; the 
disagreement over most of the range is only about 2$.
The following points arise from the work on H”
(i) Throughout all the approximations the (D.V.) formula­
tion gives the most accurate results.
(ii) The (D.V.) results are insensitive to small differences 
in the bound state wave functions, introduced by more 
variational parameters, once a moderately accurate 
correlated bound state wave function for H~ is 
obtained.
(iii) Close agreement in the (D.L.), (D.V.) and (D.A.) 
formulations is only obtained with correlated initial 
and final state wave functions.
(iv) The most accurate value of the electron affinity is 
obtained from the 1024 parameter variational function 
for H" of Pekeris (1958) to be 0.0277509 a.u. (i.e. 
0.75416 eV or 16421°A).
A final check on the results may be made by comparison with
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TABLE 1.2.
PHOTODETACHKBNT CROSS SECTION FOR H”
The (D.V.) bound-free absorption coefficients for H 
(10~^^cm^) using a 70 parameter Schwartz bound state wave 
function and
(a) correlated continuum functions (Geltman (1962))
(b) eigenfunction expansions including Is, 2s, 2p terms 
(Doughty & Eraser (1964)).
«T (a) <r-(b) X°A i7-(a) o"(b) o-(a) o-(b)
1000 0.58 0.53 8500 5.88 3.95 14000 1.42 1.46
2000 0.91 0.85 9000 5.86 3.93 14500 1.05 1.06
5000 1.55 1.52 9500 5.80 3.85 15000 0.70 0.71
4000 2.20 2.25 10000 3.69 3.73 15500 0.38 0 #40
5000 2.78 2.84 10500 3.53 3.58 16000 0.12 0 .17*
5500 5.04 3.11 11000 3.33 3.38 16421 0
6000 5.27 3.35 11500 3.08 3.14
6500 3.47 3.56 12000 2.80 2.85
7000 3.64 3.71 12500 2.4-8 11
2.54
7500 3.76 3.83 15000 2.14-
:
2.20 1
i
8000 5.84 3.92 15500 1.78 I 1.85 1
X extrapolated value
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the sum rules
2  ^¥%
^  C ^ o -  = I  -li
^  fvio C ~  ^ =■ O^ x
<k T
%  fno C & o -   ^ ^y% '
1.5.1
suggested by Chandrasekhar and Krogdahl (1945), where is
the oscillator strength, E^, E^ are the energies of the 
initial and final states, N is the number of electrons, 
the polarisability of X" (in units of a^^) and ^  is in 
units of a^^. Clearly in the case of E", N = 2, and using 
the 70 parameter wave function Schwartz has estimated
^  j i o  1 f  -c'5 1.3.2
while
= 2.va t 7 
=. 4 0 &O 1  3oo 1.5.3
Since there is only one bound state in H“ , all the oscillator 
strengths correspond to bound-free transitions, the sum over 
n referring to all possible final states, including those in
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which the hydrogen atom is left in an excited state. Hence 
the computed values above provide upper bounds on the
oscillator strength sums for the single process of photo­
detachment considered, and converting these to integrals 
over wavelength we have, since by definition of the total 
absorption coefficient Kv )
5* k v  ^  , 1.3.4
Y yw O ^
it follows that the sums in (1.5.1) can be written
(Geltman (1962))
S  . - [ a - C M  X i 1 .3.5
The results for obtained by Geltman (1962) and Doughty
and Eraser (1964) using their best (D.V.) values for the 
photodetachment cross section of H~ are shown in table 1.5 • 
It is seen that these sum rules provide a useful check on 
the accuracy of the results; Doughty and Eraser’s values 
for the photodetachment cross section appear to satisfy them 
slightly more readily than those of Geltman.
TABLE 1 .5 .
SUM RULES FOR H"
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Doughty & Fraser Geltman Upper bounds
S_2 I 1.72i
1
2
S-1 14.1 14.2 15.1 + 0.2
So 199.5I
1
202. 4- 212 + 7
a. 1 3671
\
L
3742 4000 + 300
(b) Other negative ions
The low energy photodetachment spectra of 0~, O’", £*" 
have been investigated by Branscomb et al.; the results for 
0~ (1958) are shown in fig. 1.4 together with the slightly 
modified results of Smith (I960). For photon energies more 
than 0.2 eV above threshold the photodetachment cross section 
was assumed to be slowly varying, and when monochromatic 
beams of radiation are used it follows that in (1.2.48)
= (p* oC S ( X - V ) 1 .5.6
where is the wavelength of the monochromatic light.
Then from (1.2.48)
oC o- ex') / V- ^
1 .3.7
where W t  is the measured radiant power, proportional to 
the integral of W  over \  . In this manner absolute
values of the photodetachment cross section for 0 were
obtained for photon energies between about 1.65 eV and 5 .
Within 0.2 eV of threshold was assumed essen­
tially equal to a constant value ^  so that
I
Cx) X • 1.3.8
V"
Seven filters ( X) were used and^ assuming the form for
CT’CX') within 0.1 eV of threshold to be as given by 
(1.2.4$X the seven simultaneous integral equations were 
solved for r ( X ) . To obtain the value of the electron 
affinity the fine structure splitting of 0” had to be taken 
into account, as the actual detachment process
o "  -t- & 1.3.9
occurs at a longer wavelength than
Uv 4 o {.*'^ i/^] 0  -t ^  1 .3.10
which corresponds to the electron affinity. This fine 
structure splitting was estimated from extrapolation of iso- 
electric sequences to be 160°A and the small projection in 
the threshold region of the cross section shown in fig. 1.4 
is due to this assumed splitting.
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The electron affinity for O" obtained by this 
method v;as 1.4-65 + 005 eV. Schulz (1962) obtained a higher 
value of 2.1 + 0.1 eV in his electron impact ionisation 
experiments, in agreement with earlier work of the same type 
by, for example, Lozier (1934-). He suggested therefore that 
the photodetachment experiments might refer to an excited 
state of 0“ , whose existence had already been investigated 
by Bates and Massey (194-3, see below), about 0.5 above 
the ground state. This explanation seemed unreasonable as 
it requires 90fo of the O" ions in all the photodetachment 
experiments to be in this excited state. Further, the
threshold dependence of the cross section is correct for
— 2 2 Sphotodetachment from O” (Is) (2s) (2p)*^  ^but incorrect for
(Is)^ (2s)^ (2jp)^  (3s), (see §2(c)), and hence the value of
1.4-65 eV for the electron affinity of O"" was thought more
probable. Recently however Chantry and Schulz (1964-)
studied further the implications of the experiment
e  4 O'* O  1 .5.11
and showed that the inclusion of the previously neglected 
thermal motion of the 0^ molecule leads to results which are 
consistent with an electron affinity of about 1.5 eV for 0".
Also shown in fig. 1.4- is the low energy experi­
mental determination of the photodetachment cross section 
for C ”, (Seman and Branscomb (1962)), the absolute values
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being obtained relative to O”. The lower dashed line
2
indicates absorption from a possible metastable D state of 
C” , probably less than 0.5 eV bound, and the electron 
affinity of G” is found to be 1.25 + 0.03 eV. It is 
interesting to observe that^at the maxima, the photodetach­
ment cross sections are such that
1.3.12
and that the experimental maxima  ^^ yvs.q y^. ) occur
within 0.2 eV of threshold.
The theoretical work on photodetachment from 
negative ions more complex than H~ is scarce. Extensive 
calculations were performed by Bates and Massey (194-3) for 
0*” using Hartree-Fock bound wave functions and non-exchange 
continuum functions, including a polarisation term.
Following the experimental determination of the electron 
affinity of 0“ by Lozier (1934-) to be 2.2 eV, they suggested 
that 0“ might exist in the configuration (Is)^ (2s)^ (2p)^ (3s) 
but found that in order for this excited state to be suppor­
ted it required the abnormally high value of 1?.6 a.u. for 
the polarisability of oxygen, (the accepted value being 
about 5*1 a.u.). If however this state was not required to
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exist then their adopted value of the polarisability was 
5.89 a.u.^which led to a cross section in this approximation 
which is shown in fig. 1.5* (Here we have affinity corrected 
results and they are seen to differ from the experimental 
curve by about a factor of 2.)
Lately, a study of the photodetachment cross 
sections for O", C", was made by Gooper and Martin
(1962). Following an idea of Kleii^nd Brueckner (1958) 
they used one electron separable orbital wave functions, so 
that the cross section takes the form of equation (1.2.55), 
and assumed the initial radial functions ) and final
radial functions tt\ of the ejected (y\ & ) electron
to be eigenfunctions of the same central potential, i.e. to 
satisfy the same radial Schrbdinger equation
f^i ’* —  ~  - G 1^ 1 («ri s. 0 , 1.5.12
y ’- J
Here V(r) is a central potential, derived from the charge 
distribution of the neutral atom of atomic number Z to which 
the electron is bound with energy (Ryd. ). In fact
v (y '> =• - È  [ (Lr' € Cf q  1.5.13
nr  ^ --------
\i ' "r'l
where 0 is the charge distribution of electrons for
the atom^and is obtained from the existing Hartree or 
Hartree-Fock wave functions. The correction term
F l â . 1 - 6 ’
P H O T O D E T A C H M E N T  F f ^ O M  N e G A T W E  « O N 5
O "
1- fe MûcrtiVï O962)
Z. ôvctnscomb ef.aC.(19^8)
3 KUmt 6<ru«ci<vt<&r (13^ 8)
4 ôûUjos uHcc6&a^ (1343)
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is introduced to absorb the effects of polarisation; oi is 
the polarisability of the atom, and r^ is taken to be the
average distance of the outer shell electrons from the
nucleus; the polarisation term is asymptotic to D&/T ^  as 
required. The procedure for the solution of (1.3.12) for 
Py\ ^  (."f") and the corresponding equations for \
is then as follows :
(i) V(r) is computed from (1.3*15).
(ii) (1 .3 .12) is solved for Pwe using the experi­
mental value of the electron affinity and
treating oC as an eigenvalue.
(iii) (1 .3 .12) is solved for t'r) by replacing
p
Z by JL i \ and -E^ by k , using the value 
of oC obtained in (ii).
(iv) The cross section'is evaluated according to (1.2.35). 
This method has the major advantage that its formulation 
implies equivalence of the (D.L.), (D.V.) and (D.A.) matrix 
elements since 1^^ and  ^ (.r-) are eigenfunctions
of the same central potential. Further, the correct binding 
energy for the ejected electron is assumed, and consequently 
as the low energy cross section is strongly affected by the 
"tail" of the bound radial function, one should expect 
better results than those for example of Yamanouchi (194-0) 
and Breene (1959)^who used the Hartree method and obtained
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photodetachment cross sections for O” and C respectively, 
almost an order of magnitude lower than those of experiment. 
Cooper and Martin*s results for the photodetachment cross 
sections of 0~, G", G(~, are shown in fig. 1.$. In the
case of O" the agreement between theory and experiment is 
good, but this does not hold for 0"". In general the cross 
sections appear to reach too large a maximum at too high a 
photon energy, but this method does seem to provide well 
within an order of magnitude estimate of their behaviour, 
except at very low energies.
However, the main disadvantage of the Klein 
Brueckner formulation is that it is a semi empirical method 
and requires a foreknowledge of the binding energy of the 
ejected electron. It does not include the effects of 
exchange, and the polarisation potential assumed has an 
incorrect behaviour at small values of r (see Chapter 2). 
Lastly the phase shifts obtained for the continuum functions 
^ t I  do not behave in the expected manner at low
energies. The effective range expansion for the S-wave 
phase shift (see Moiseiwitsch (1962), also Chapter 5) is of 
the form
^ Gl Z- 1 « P . 14-
which did not fit the computed values for S . Further
S
4S*
investigation showed that the correct expansion for a 
central potential of asymptotic form was, for
small ,
s -Jo.
1.5.15
(Spruch et al. (I960)), but this also bore little resemblance 
to the computed results. It seems therefore that the 
agreement between the results of Cooper and Martin for 0~ 
and those of experiment is rather fortuitous, and that the 
formulation is only reliable to within an order of magnitude. 
Just recently Gillespie (1964) has presented further results 
for the photodetachment cross section of 0“ using dispersion 
relations and the phase shifts derived from the experimental 
cross section, but the values obtained at low energies 
differ very little from those given by the Born approximation 
used by Smith (I960), which are greater than the experimental 
results by almost a factor of two. It is seen therefore that 
we need to consider a more justified theoretical approxima­
tion in order to reduce these anomalies between theory and 
experiment.
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§4. Astrophysical interest in negative ions
Following the early work developed by Chandrasekhar 
and Breen (1946), Chandrasekhar and Munch (1946), Munch 
(1947) on model stellar atmospheres, it is well known that 
the negative ion of hydrogen plays a dominant role in 
continuous absorption in the sun. More recent work by, for 
example, Aller and Pierce (1952) and Swihart (1956) has 
corroborated this fact, and lately Branscomb and Pagel 
(1958) have suggested that absorption by C" in Carbon and 
CH stars may be very significant due firstly to the large 
C : H ratios, (see for example the abundance analyses of 
the super-giant variable R. Coronae Borealis, (Berman, (1955^3 
Searle (196I)), and secondly to the fact that the photo­
detachment cross section for C" is at maximum 1/5 that of 
H"". (One may also conclude the probable unimportance of 
absorption by O" in 0 stars, since the 0 : H ratio is never 
as large as the C : H ratio in C stars and the photodetach­
ment cross section for 0~ is at most 1/6 that of H".)
However in order to study a model stellar atmosphere of 
this type it is necessary to obtain not only the bound-free 
absorption coefficients for C“ over a much wider range of 
energies than available from experiment, but also the free- 
free absorption coefficients for the process
e C^o ) + C e. +  C  ,
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2
in which an electron of energy in the field of a Carbon
2
atom makes a transition to energy k^ with absorption of 
energy A  k^ = k^^ - k^^ at wavelength X  = 911*27^Ak^ 
It is therefore the purpose of this work to 
calculate the photodetachment cross section for 0” from 
threshold to shorter wavelengths in a higher approximation 
than those used previously for the study of negative ions 
more complex than H*", and to evaluate the free-free 
coefficients over the whole spectrum, to the same order of 
accuracy, with a view to studying model atmospheres for 
stars with different 0 : H ratios• The final method 
adopted will be essentially that used by Seaton for and 
other neutral atoms (see for example Seaton (1951))•
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CHAPTBR 2 . THE BOUND-FREE ABSORPTION COEFFICIENT OF C .
§1. The electronic states of C and C~
For an atom of atomic number Z the appropriate 
Hamiltonian (neglecting spin and relativistic terms) is, in 
atomic units,
and hence the Schrôdinger equation for the wave function 
of the system with energy E is non-separable. We can 
however write
H  = H'' 2.1.2
where
Hç, = - 1  ^  S  2.1.3
^ I w
is an unperturbed Hamiltonian, being the effective
potential for the i*th electron, and
H '  - ^  2.1.4
Î. V '-J
where V (-r ' ) is chosen so that the perturbation H' is as
small as possible. The eigenfunctions ^  of H are
- ^  o
eigenfunctions of the atomic orbitals with angular 
dependence  ^ , so we can label these atomic
orbitals in an exactly similar way to those of Hydrogen, by
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the eigenfunctions 4iyv
quantum numbers n, 1, m, and orbitals (Is), (2s), etc. Now
are separable into products of 
the individual wave functions for the electrons in
the orbitals, and hence the normalised determinantal 
function
\»)......
...........
which we write in the abbreviated notation
D  =. Î) \ C'A,A ,  I
2.1.5
2.1.6
is an antisymmetric eigenfunction of H^. If in general
there are n possible determinantal eigenfunctions giving
(*)
n possible antisymmetric normal state wave functions 
with energies then the system is degenerate, and by
first order perturbation theory, the first order energy 
levels due to the Hamiltonian H are E^ ,^ where E^ are the 
roots of the secular equation
H u — S,yE.
— Syv» E
- 0
2 .1.7
So
where
MCy J D y  M
Scj Z j' I>y oLc 2.1.8
The solution of (2.1.7) is much simplified by the use of
determinantal functions linear combinations of the ,
such that the are simultaneous eigenfunctions of H and
the operators M (total z-component of orbital angularz
2
momentum), (total z-component of spin), M (total orbital
2
angular momentum operator), S (total spin operator), giving
Be =. %e
Be % ^50 ^  2.1.9
M ^ B c  - L; (Le-»-1) B e 
Be z Sc CSi+'^V- Be
(see, for example, Eyring, Walter & Kimball, (I960)). The
term type of the energy level produced by B^ is U  ^ ,
and the secular equation (2.1.7) is reduced to products of 
more manageable determinants. It is usually necessary only 
to calculate the diagonal terms which reduce after some 
lengthy analysis to
Hcc z Oij ) -vS T  , 2.1.10
i j <te j
a form introduced by Slater (1929), where the Coulombic and 
exchange integrals are defined respectively as
nV.(.i>^)~ = 2  L^ («-i«-w'^ <«^ S^®-V».'i S  (ijjSte) .
2.1.11
Here we have replaced the quantum numbers (vvy^v^vS^) 
by and written
^ ('tc) Y  '"c ©:4):) , 2.1.12
in which case
2.1.13
while
e
2.1.14
(o-j «-'R'i - Cçf K ’o-y ^
the C ^ being Clebsch Gordon coefficients
^ yjie, 4 ) ) Qdi^du^
2.1.15
( \ ft
Values of (X , b for s and p electrons are given in 
table 2.1.
TABLE 2.1.
ft e
a AND b COEFFICIENTS
& ^
a (f m, JÎ ' m * )
configuration I m e* m* a^ a"
ss 0 0 0 0 1 0
sp 0 0 1 +1 1 0
0 0 1 0 1 0
PP 1 +1 1 +1 1 1/25
1 +1 1 0 1 -2/25
1 0 1 0 1 4/25
i
b (£m, 8*m
configuration i m e * m* ^0 ^2
ss 0 0 0 0 1 0 0
sp 0 0 1 +1 0 1/5 0
0 0 1 0 0 1/5 0
PP 1 1 1 1 1 0 1/25
1 -1 1 -1 1 0 1/25
1 +1 1 0 0 0 5/25
1 1 1 -1 0 0 6/25
1 0 1 0 1 0 4/25
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Vie now apply these techniques to obtain the ground 
state energies of Carbon and its negative ion C~ in the one 
electron separable orbital approximation. The ground con­
figurations of C and C"" are (Is)^ (2s)^ (2p)^ where n = 2,5 
respectively. Except for the n equivalent 2p electrons 
which determine the term type, the energy of this system is 
given by (2.1.10) and table 2.1 to be
-V Zvn (lO,
2.1.15
So we require to evaluate the contribution to the energy 
and term type of the n 2p electrons. The possible D-functions 
and corresponding B-functions for the case n = 2, (2p) are 
shown in table 2.2. It follows then from (2.1.10), tables 
2.1 and 2.2 that the energy of the state is given by
E  z  2 - 1  -V F ®  C2.'5 2- ')
2S ^
2.1.17
and since for equivalent 2p electrons F ni )
ft
TABID 2.2.
D-FUNCTIONS AND B-FUNCTIONS FOR THE CONFIGURATION (2p)^.
D-Function B-Function
X
Type
y
= D (211)6) (211)6) 2 0 % = y ^D
y = D (211)6) (210)6) 1 1 B2 °2
5p
y
D (211)6) (210^) 1 0 B5 (2 )-^(Dj+D^) 5p
y = D (211)6) (210)6) 1 0 % = (2 )-^(Dj-D^)
"5
D (211^)(210^) 1 -1
^5
= ^P
y = D (211)6) (211)6) 0 1 %
=
^6
5p
°7
D (211)6) (211)6) 0 0
^7
(3 )"^(-D^+Dg+Dg )
= D (211^)(2ll)6) 0 0 % = (2 )-)^(Dy+Dg) 5p
y
= D (210)6)(210^) 0 0 Bg = (5)“^(D^-Dg+2Dg )
^ 0
= D (211)6)(21lj6) 0 -1 ®10 “ 10 5p
^11
= D (210)6)(211)6) -1 1 ®11 = °1I 5p
Di2 = D (210)6) (2lîj6) -1 0 ®12 (2 ) 5p
°13
= D (2W ) ( 21Î)6) -1 0
^15
(2 ) 1d
®I4 = D (210)6) (2li^) -1 -1 ^14
=: 5p
°15
= D (211)6) (211)6) -2 0
^15 ^15
^D
and these are positive, it is not difficult to see that the
 ^ 1 1  state P lies lower than D or S. Hence the total ground
state energy of Carbon is given in the one electron orbital
separation approximation by
£ ^ ( 0 )  -s. m  P)
=  z K v O i V o i  -V f  o H O )  JcilCa-o>io)-v zo)
+ ^ Fo(t0,i.0i -V 4-FB UO) Li) - ^  6. ' C'0, 2.» )
+ ti-'jî-O ■¥ F° - A F *(JL<^zO .
2.1.18
In the case of C , where we have three equivalent 2,j) 
electrons, there are twenty possible D-functions giving rise 
to the states ^S, , ^P, the state lying lowest. The
two single B-functions Vo Verm Vype are
z ï>UzutK5-\TiU^'oi'))
B 2= Î) i) 1 j 2.1.S9
and hence the ground state energy of 0*“ is given by
E* Cc-'l - E (.S'i E
- lZ(.\Oi\'0) V 2.1 (.20 ) t f 0(2.0, 2o)
+ <VF«t»0)2o)-2£®IV0,20') 4-(,FO (\.Gh,2'^  - (10) 2.» )
'VfcrO(20,2\) - e»'(^O,20 SX(2\)21) X  &FO(l\)Z»j
. 2.1.2D
The bound state variational principle; Hartree-Fock 
equations for C and O'". Simple approximations for 
the photodetachment cross section of O'" using plane 
waves for the continuum.
(a) The variational principle; simple bound state 
wave functions.
We have derived in gl expressions for the energies 
E^(C), E^(C") of the ground and states of C and O’" in 
the one electron separable orbital approximation. We know 
further that the actual ground state energies E(C), E(C~) 
must satisfy the Hitz variational principle (see for example 
Moiseiwitsch (1962)) which, if our wave functions are
normalised to unit density, we can write in the form
E ( C >  S  / H  0;^ C ^P) A c
e  ct-'> 6  1 H  4^. C'-s) A c  .
Hence it is seen that an approximation to E(C), E(C~) is 
obtained by minimising the one electron orbital approxima­
tions E^(G), S^(C“) which involve integrals of the type 
i. ^ ^ (r-'i ^  ^  - y - 7 p i (K'T
Gk^ ^  ^l-r, ) iry_) ^
where we have expressed the integrals in rydbergs (1 Ryd. = 
)6 a.u.; 1 a.u. = 2?.2 eV).
We consider initially the simple normalised trial 
functions suggested by Moiseiwitsch (1954) for C and C"
o4.-r
-  Ar
2.2.3
where are variational parameters. Writing ^ ^
y “ ) and substituting in (2.1.18) we obtain after
straightforv/ard integration
—
 ^ r% ^ . 1?
I L 3  J J
4-t- 9 4  + (,W2x.>X^  7 + V.
r à3x- ZbA^ *"'*r 3? -A20X^-*^^4S*? ^
t
-4, r 7 .
7
I  04ryV ‘ C\4ey^4 J
\
+• 'ÜÜL 
3
4- 4x.'^
- r %y^ 4" Zy% 1
L  C 3 L 4 y  ^  ( i C ’V y ^ ^ J
« f ^  ^  4 4- VOy3 1
^9^ C^ t.4y)
Tl 4- 4- 5y^ 4 1
9 L
(x-¥
C=«*4y')
J
2 2 4
which is of the form ^ so that for
2
given values of x,y the minimum value of E^(C) is -V /4T
when = V/2T. We maximised W = V^/4-T by an iterative
method on the University of London Mercury Computer, and
obtained the final results
C O  72.- t R y  C* •m*r»
with
- 2.-S? 2.2.5
y& c. \- VO 
ot-c = \ ■
An exactly similar procedure was followed for E^(C“) and
gave the results
6* CC") ' 4-LZ Ry d  .
with
2.2.5
V  = O. 9ArO
^ L  2y #
The experimental determination of E(C) is -75*3157 Ryd.
(see Slater (I960)) so that these estimates are in error by 
about 5 Ryd. The electron affinity obtained is-0.172 Ryd, 
(-2.53 eV), indicating an unstable negative ion of C” , 
whereas the experimental determination of the electron 
affinity (Seman and Branscomb (1962)) is 1.25 eV.
Clearly far better results may be obtained by the 
introduction of wave functions which include many more 
parameters, but this process would become extremely tedious. 
Suppose therefore that we define the (T) simply as
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radial functions which are quadratically integrable and 
satisfy the boundary conditions
?wt (.0 ) ■Î. O  ; ^ • 2.2.7
y-4 0O
We wish then to minimise the energy E^(C) maintaining the 
subsidiary conditions on (<") , namely those of
0# 2>
normalisation: j Pv\g cLr z "1
2.2 .^'
orthogonality % | Py> Ct — 0 .
o
We use the method of Lagrangian multipliers, and 
write the variational principle as
I S\AtllsV
" V S  ^ j I ^  y  ^  *? - 0
poCvrS sVeUs si "I ^
 ^^  J
2.2.8
SO that for any variations preserving normalisation and 
orthogonality we have S = 0. Here the factors
( 41 4r 2.) and 2)^ are respectively the number of
separate orbitals in the shell i and the number of pairs of 
orbitals in the shells i ,j , and are introduced purely for 
convenience. We can further choose the \ cj to be real, 
so that X - X j , on account of their Hermitian
character. Now we have
Sl(v\i4u>v\j[^ Ai) = 2|s  ^I Py,.j(,!•<•') flU-
2- 2. 9
6o
while
OO
So if we define 
Yk (’AJ ^ •,r>cC;') ■= j
o
Oo
2.2.10
(Hartree (1955)), then we obtain
O
o
S&^(/\C€L)Y\j 6j) * 2 ^ SPn\6{ C*<“\) -2i Y\^(4;€Ci 4j') •
2.2.11
The variational principle (2.2.8) then becomes in the case 
of Carbon
S [ (C^  4" 2 X \\ j P\^  (y) cbr -V 2  ^ 2 j ' (<)cL>r
o o o
^  ^ C"^ ) P%S cLr 1 =.0
2 .2.12
We then may conclude that, since the are independ­
ent variations, the variational principle is not satisfied 
unless the integrand in (2.2.12) everywhere vanishes. Thus
Gl
by independent variation of P^g(r), , P2p(r) we obtain
the coupled integro-differential equations
^  &  { X Osjii) + lYot«.iO +2YoCZf,V]->\,] P,s(v)
-|. Y,C^s>^p) Pip(^) + 2V.IÎ. Pj.s fO ; 
f2Y«ÜS,lO-^ViCiS,li) -F2.Y^ (2f,
"T*."
h  \  Y\l^s, 2p) K%Cr) ;
3^ 3"r
2.2.15
which are the HARTREB-POCK equations for the configuration 
(Is)^ (2s)^ (2p)^ ^P of Carbon. We can obtain those for the 
(Is)^ ( 2 s ( 2 p ) ^  configuration of C  in an exactly
similar manner.
The solution of equations of the type (2.2.15) is 
both complex and tedious. However we have numerical 
solutions for the radial functions P2^(r) for the configura-
tions (Is)^ (2s)^ (2p)^ of and O’**, (Hartree (1955)) ^
so we v/ill firstly try an extrapolation procedure to obtain
the radial function ?2p(r) for G"“ which is involved in the
matrix elements of the photodetachment cross section. The
procedure suggested by Hartree (1955) for the radial functions
of an isoelectronic•sequence is
‘A
2.2.14
where is the mean orbital radius and
■- Z "   2 .1.15
- er-c
where opt is screening parameter given by Hartree for N° 
and O'*’ to be 3*45, 3*36, suggesting a value of approximately 
5.56 for G". We extrapolated ?2p (r) from ?2p (r) finding 
an average error of +2% from the actual values given, while 
extrapolation of p2p (r) from P2^ (r) gave an average error 
of -2%. We therefore took
F - W -
where
n''‘ (i.- -
2 .2.17
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Finally we fitted an analytic curve of the form 
where
A z I- 4 2.34-4 0< z b 4-g'tr 2.2.18
B z  o^'i.o\^r’i /% = 0 . 9 9 ko
C-- «Sero-B^ "< c. 4-%. %kO j
which gave a maximum deviation of about -5% from the results
of (2.2.16). We found also that in this case 
oo.
j[Pj^ Ct )]^ dtr z  © ' 9 9 X 1
0*“
and renormalisation of P2p (r) to unit density reduced the 
maximum deviation from (2.2.16) to -2$. We therefore 
adopted the extrapolated radial function
B  e ^  ^  ]
^  * 2.2.19
such that
2
where N = 1.008 and the coefficients are given by (2.2.18).
(b) The Born approximation for the photodetachment 
cross section for C"
We consider for the wave function of the continuum 
electron the partial wave expansion
where
S g being the & *th order phase shift. We shall adopt 
as a first approximation to the simple plane
wave expression
=i V l«  ^5)0 (1er)  ^ 2 .2.21
since we expect the atomic potential to be weak. We 
consider then the photodetachment of a 2p electron from 
CC'^S) in the one electron separable orbital approximation, 
and see that there is only one allowed process, namely
kv C~ € (4^) +  C ( ^ 2.2.22
the coefficients being given for 4 = 1  from table
(1.1) to be Cq = 1, G2 = 2. The cross section for the 
process (2.2.22) is then given by (1.2.35) as
W^) 2 o^*) 2 .2.23
where we have taken the overlap factor ^  as unity and vje 
will use the experimental value of the binding energy,
= 0.09215 Ry. (Seman & Branscomb (1962)). The matrix 
elements  ^ are given in the (D.L.) and (D.V.)
^  -I
formulations by
65"
or in the equivalent (Hermitian conjugate) form, (see §5)
where * denotes d/dr . 2.2.24
We shall now discuss briefly the effects of the 
plane wave approximation.
(i) Results for the photodetachment cross section using 
the simple variational bound state wave functions of 
Moiseiwitsch and plane free waves.
Here
s ' o
This type of integral is easily evaluated as we have
O o
In this manner we obtain
cr- CD.L.) = 2.4-Y ( Vt Y*-)
o- •=. 4 9  / 4X^19
67 CD.Y.) - - ( 9  - iH i  ■ —  ,
cr C3)-v,) c f V''®-IJsil. • jL
2.2.25
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FIG 2 1
60AN APPROXIMATION TO PHOTO®CTACMMÊNT 
CROSS SECTION FOR C" USING MOI&ÊIWITSCM 
60UNjD sta te  w a v e  FUNCTIONS.
1. Expcmmcnk 2. (D.L.) 3. (D VI)
f  -
3 02010
photon energy (cV-)
The results for the photodetactunent cross section are shown 
for low energies in fig. 2.1. There is a large discrepancy 
between the two formulations and it is worth noticing that 
although the (D.L.) results have the expected threshold 
behaviour (1.2.^5)9 the (D.V.) results do not, since
^ C  as —>0 in the plane wave approxima­
tion.
(ii) Results for the photodetachment cross section using 
the extrapolated Hartree Pock bound state wave function 
and plane free waves.
In the same manner as (i) we obtain expressions for 
and in this approximation, and the results for the
cross section are shown in fig. 2.2. The effect of 
improving the bound state wave function is to slightly 
increase the cross section in the (D.L.) formulation and 
decrease the values in the (D.V.) formulation. The thresh­
old behaviour of the (D.V.) results is unaltered.
(iii) The effect of introducing an s-wave phase shift
It is clear from the results given in (2.2.25) that the 
dominant contribution to the cross section in the (D.L.) 
formulation at low energies comes from (D.L.) in both
the cases (i) and (ii). It is therefore worth considering
6%
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the effect on these results of introducing an s-wave phase
shift . ¥e write then
V . O  So-:jO (le-0]  ^ 2.2.26
and obtain the following values of tan from the v/ork of 
Cooper and Martin (1952), (see Chapter 5)'
Ry. 0.02 0.05 0.10 0.15
tan -0.1758 -0.5571 -0.5690 -0,7874- •
The results using the (D.L.) formulations of (i) and (ii) 
are shown in fig. 2.5; the effect of introducing the 
s-wave phase shift does not alter the slope of the cross 
section in the immediate region above threshold, but 
reduces it quite considerably at low energies.
(iv) The photodetachment cross section for C“ using a full 
Hartree Fock bound state wave function and plane free 
waves.
We were extremely fortunate at this stage in our calculations 
to obtain^from Dr. P. Kelly of Lockheed Missiles Space 
Corporation,analytic Hartree Fock wave functions, solutions 
of equations (2.2.13) and the similar equations for C~, for 
the and states of C and C respectively in the Roothan 
formulation (Roothan et al. (I960)). We write for the full
P I G  Z  4-
60A .N  A PPR O XIM A TIO N  TO fH O T o O C T A C M M fe N T  
CROSS S E C T IO N  f O R  C "  lA S lM û  fcXACT M A K T R ê ê  
POCK SO UND S T A  T ie WAV a  F U N C riO fX S .
1, £ < p c W m e rife . 2 ,(3 > .l ,^ 3 , (D .V .)
OlO
z o
photon )
7Z
orbital wave function in the usual manner
4>) 5 2.2.27
where ,
1-'/» / z.
^  '^  2.2.28
and is normalised to unity, and we tabulate the coefficients 
for the Is, 2s, 2p radial functions of C(^P), C“(^S) in 
table 2.5* The Hartree Pock energies given by these 
functions are
- - l-S- 3>>^C5 Ry.
S o C O * ^ ^  % _ :K-.4r I 6% iRy. 2.2.29
which implies not only a far better agreement with the 
experimental values, but also a positive electron affinity 
of 0.04 Ryd. or about 0.5 eV.
If we write for convenience in this formulation
P i p ' H  -- , 2.2.50
then the matrix elements for the photodetachment cross 
section take exactly the form given by (2 .2 .25) and the 
results for the photodetachment cross section are shown in 
fig. 2.4. The effect of using the full Hartree Pock v/ave
function in place of an extrapolated one for the bound state
13
TABLE 2.3
PARAMETERS FOR HARTREE POCK WAVE FUNCTIONS IN 
ROOTHAN FORMULATION
C(ls)^ (2s)^ I(2p)2 5p Eo(«) = -75.;3770 Ry
i ^is f is
i
^ip f ip
1 1 6.0000 1 2 1.15900
2 3 6.80000 2 2 2.22300
5 5 5.20000 3 2 5.49000
4 5 2.86300
5 3 1.63800
i «ils «i2s «i2p
1 0.94121 -0.20009 0.66528
2 0.06485 -0.02331 0.38371
5 0.01911 0.06705 0.02031
4 0.00228 0.53712 ■
5 -0.00026 0.51028
C" (Is)^ (2s)^ (2p)2 "^ S -75 .4168 Ry
i ^is ^ is i “ip f ip
1 1 6.00000 1 2 0.76510
2 3 6.80000 2 2 1.73800
3 3 5.20000 3 2 3.96800
4 3 2.67100 '
5 3 1.40650
i
«ils «i2s «i2p
1 0.94117 -0.19002 0.53509
2
5
0.06429
0.02004
0.00211
-0.00011
-0.03184
0.09070
0.59801
0.45605
0.52866 
0.05916
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is to increase the results obtained from both the (D.L.) 
and (D.VO formulations. This is easily understood if we 
remember that the D.L. matrix elements weight the region of 
large r and the D.V. matrix elements the region approximately 
5 < r < 10 and over the whole of the range r > 5 the correct
C“
Hartree Pock function P^p i-s slightly greater than the 
extrapolated function given by (2.2.19). This point is 
emphasised more clearly by the comparison of the two 
functions shown in fig. 2.5*
Table 2.4 gives the results for the photodetachment 
cross section of C”" calculated, using plane waves for the 
continuum electron and the experimental binding energy, 
for electron energies up to 1 Rydberg; at higher energies 
all the values are in fairly good internal agreement v/ith 
themselves and with those of Cooper and Martin (1962). The 
following points emerge from the plane wave approximation. 
Pirstly in all cases the (D.V.) results do not have the 
expected behaviour at threshold! and no improvement is 
obtained by introducing more accurate separable bound state 
wave functions. Secondly, although the (D.L.) results 
possess the expected threshold slope, in all cases the 
maximum is attained at photon energies greater than 6 eV, 
whereas the experimental maximum occurs within 0.2 eV of 
threshold. It is evident from this preliminary work that
TABLE 2.4
BORN APPROXIMATION TO PHOTODETACHMEITO GROSS SECTION FOR C".
k^Ryd 0.02 0.05 0.10 0.15 0.50 0.80 1.0
Eph(eV) 1.521 1.928 2.606 3.285 5.52 12.1 14.8
Expt. 14.5 14.1 13.3 13.0
CM 8.0 10.4 13.2 15.0 17.0 13.1 11.6
DL(1) 4.02 6.57 9.17 10.70 12.92 17.28 17.19
DV(1) 0.18 1.24 4.22 7.57
DL(2) 5.59 8.33 10.44 11.43 13.06 14.4 13.45
DV(2) 0.10 0.80 2.82 6.61
DL(3) 10.77 14.2 16.34 17.1 18.62 15.15 13.0
DV(3) 0.512 3.51 8.62 13.0 17.94 11.98 9.78
E^ = 0.09215 Ry.
ALL CROSS SECTIONS IN UNITS OF 10“^® cm^. Values of (7%, 
using plane free waves with
(1) Moiseiwitsch bound state functions.
(2) Extrapolated H.P. bound state functions.
(5) Pull H.P. bound state functions.
CM indicates the results of Cooper and Martin (1962) for 
comparison with these and the experimental values of 
Seman & Branscomb (1962).
the Born approximation is most unsatisfactory, except at 
very high energies ( > 3 By). Clearly we need to consider 
more fully the wave functions for an electron in the field 
of a neutral Carbon atom in order to resolve the anoraolies 
in the slope and magnitude of the cross section in the two 
formulations. In the following sections of this Chapter we 
shall consider the bound state radial functions to be given 
by equation (2.2.28) with appropriate coefficients from 
table 2 .3 , and we shall study further approximations for the 
continuum electron in the field of C(^P).
The Hartree Pock equations for continuum states of C"; 
the effects of polarisation.
(a) We consider initially the excitation process
W V +  C-C^S') 2.5.1
T Twhere S , L are the total spin and orbital angular momentum, 
for 8 = 0 ,  2 and n 3* The transition rules are A  8^ = 0, 
A  =0, +1, (Condon & Shortley (1933)), which imply the 
allowed value of is 3/2 while those of are 0, 1. We 
have already seen in §1 that in the one electron separable 
orbital approximation a wave function for C"(^8) can be
Yg
written as
= D K i o o i )  - •• 1 2 .5.2
where }é; we now consider w^ ave functions describing
the configurations ^ P "0] L where = 0 , 2  and
L = 0, 1.
(i) 2 = 0.
The configuration [  ^P f considered as an
X Zl
excitation of (2p)^ S leads to a single D-function with
= 0, Mg = 3/2
Î) =. D  \ C 2 . l l i ) ( Z \ T i V  '’ O û ' i ) ]  3 2 . 5 . 5
where without loss of generality we have chosen ^
2 2Operating with M and S this D-function is seen to be a 
B-function belonging to a level and it is clear from
(2.1.10) and table 2.1 that the total energy of this con­
figuration is
£ o  ^ P )  =  4.
where
e  C ^ s )  -  Î  -V Z F ^ C l Ù )  4- X p o  ( 2 D ,  n D )
- j  *^0) . 2.5.4
(il) Z = 2.
The configuration ^ L  leads in a similar
manner to the three D-functions with =0, Mg = 5/2
J), =. b  U4Ut)C2.'Tt)(v,iot)l 
D Kll It)
2.5-5
2 2
and operating with M and S v/e find the possible levels
4  4  4  4P, D, P of which only P is allowed for the process
(2 .3 .1 )• The total energy of this configuration is then
t o  C^p, - £ 0  Cc) 4- 5
w^here
G  C^d.)  % 4  2 ^ 0 ( 1 6 , ^ 2 )  4 2 F ' > ( . ^ b ,
• + - l r ® C 2 \ ; > - X  a*'(10,w2)
-  Vç 4  ( 2 V j  <o2-) — 97  n l )
2 .3.6
where we have used the more detailed tables of Slater (i960) 
for the coefficients a b^.
We require to minimise the expressions given in 
(2 .3 .4 ), (2 .3 .6 ) and we set up the variational principle in 
the manner described in §2:
^  1^=0 t o  4- E t > h € ) 4 - 2 X «  I  R s^ t'r ')  4 - 2 > > i ^  I  tr -)  4  Z X j ^  ( r )  
- t X 4 4  i  C- )^ 4  i  P,S C'T) P is  C-r) 4  4- X , J ;P ,s C v ) P ^ g (y )r  g
4 - 4 X i^  j  PisC-»-) Pvve t'^ ) J  -  O  .  z  i -1
^0
Now we already have solutions ^2s’ ^2p the con­
figuration C(^P); we will therefore suppose E^(G) minimised 
separately and consider now only variations S C't) in 
Pv\iC<“) . Finally we suppose that the Hartree Pock 
equations thus obtained for Py^ e tv-) may be analytically 
continued from negative to positive energies. In this 
manner we obtain the static central field exchange equations 
(continuum Hartree Pock equations) for an electron of energy 
k^ By and angular momentum t = 0, 2 moving in the field of a 
neutral Carbon atom in the total configuration
2.3.8
Here are the radial functions for the Cy\V) orbital
of C(^P)^normalised such that
j M  ~ 'I  ^ 2.3.9
O
and Pj^«^  ^ 4^) is the radial function for the continuum 
electron, normalised according to
(r-) ^  4 2.3.10
) ^  T-4 OO
where is the X. *th order phase shift. Z is the
atomic number and the are orthogonality parameters
chosen to ensure orthogonality of the bound radial functions 
for a given Z* with the corresponding continuum functions. 
The direct potentials C't*) are
[Yo(VO,lü)-vVoCXO^XO) ^
=. l^ -) 4 &  Y z  (2-' , •
S'T
2.5.11
v/hile the exchange potentials X  P^i ^  are given by
(10, R^ o") P,s(v) - &  Yq (Zb,iR^ ci) Pzs('T)
Yy C'Ui\t}'o) P k > W  ;
iv
Sr
+ f 1  Y\ - II ( 1': k^Z) ^  Pzp '
>^ Y IÇr 2.3.12
The hypothetical analytic continuation of these 
equations from negative to positive energies will not be 
discussed further at this point. See however Karzas and 
Latter (1961) and §5; this type of equation has been applied 
successfully by Seaton, (see for example Seaton (1931))#
(b) The effects of polarisation
It is clear that a first approximation to the 
solution of (2.5.8) is to neglect the exchange and orthogon­
ality terms and solve the simple Hartree equations. However
the results, in the (D.L.) formulation of Breene (1939), for 
the photodetachment cross section of G" using Hartree free 
waves differed by about a factor of 10 from those of 
experiment; we verified this for a few cases. However we 
remarked in Chapter 1 that the effects of polarisation in 
the continuum states of negative ions are important; we 
write therefore as an approximation to (2.3.8)
with V
where V^(r) is a polarisation potential. We denote this by 
the non-exchange polarisation approximation. The boundary 
conditions on V^(r) are
Vp (y*) o-s r->'0 ;
I y, 2.3.14
Vp(r) ^  ;
where o4 is the polarisability of Carbon; we adopt the 
value = 14.17 (Dalgarno & Parkinson (1939)).
We shall discuss two forms for V^(r):
(i) Vp^ ^  (jr) - ) polarisation 1  ^ 2.3.13
where r^ is somewhat arbitrarily taken as the average 
distance of the outer 2p electrons of the neutral atom from
33
the nucleus. This form and the resulting equations for
 ^ were introduced by Bates and Massey (19^ 3) ,
(see discussion in Chapter 1), and the same form was used 
by Cooper and Martin (1962), who give a value r^ = 1.71 a^ 
for Carbon.
(ii) Here we investigate the actual form of V^(r) as r 0. 
We write
Vp'-*'''(.-<;) ■=■ C'f, ) / ^ 2.3.16
where oC as oo . Following Sternheimer (1954)
the first order perturbation due to the electron at distance 
r^ (supposed along the X-axis) is
^  t  ^  2.3.17
J  '
where r. is the coordinate of an atomic electron. Dropping 
u
the j-suffices we write this perturbation as
- - &  V Cjo^ e  2.3.18
for each orbital electron. Then if is the r-multiplied 
unperturbed Hartree Fock wave function for an orbital 
electron and is the r-multiplied perturbation function, 
the Schrbdinger equation for the perturbed system is
 ^ ^  3 2.3 .19
where E^ are the unperturbed and first order perturbation 
energies respectively, and hence
Gy % Jm, (Lf S ^ Q  cL& = o  . 2 .3.20
Thus the equation for is 
(M  Go) - — v\\^ o
where o - (9) I-«-'I .
2 .3.21
Further the first order perturbation of the core density 
(u^ 4- U^) is 2Lu^u^ for eqch core electron, and hence the 
induced dipole moment along the X-axis is
X  -  -  2  e  ^  ^  w.y) ^ T C A 6  ©  dUr db© db|> ,
2 .3.22
the summation being over all core electrons denoted by 
suffices . Hence since the field on the axis at
the point r^ is
2.5.25
it follows that the polarisability is
cK y ( ^ \ )  -=. Kv^<A>x/'=x~ ^  f('^o '.L y) -rccrs ©  d'T'îCv\&«i© d s |)
v\jgw\
" E: d  .
2 .3.24
For an s-electron we have
U o  =. ?,5 (>r) 2 . 3 . 2 5
SO  that (2 .3.21) implies
—  S  2.3.26
2.
- C H o - €e.) m. y y
showing to be a p-wave
Uy •=. Py^ C-<7i 9  j 2 .3.27
where i-s defined by
“ - - P . s f - I ,  2.5.28
being the s-wave central potential.
In general if is the unperturbed
radial function then the perturbation (>r) is given
by Sternheimer*s equation (Sternheimer (1954))
t'É)*- ~ 2 .3.29
where
J  8.5.50
Tne''^  ^ r ^
subject to the boundary conditions
Pvv,€-4 e' ^ O  &A v -■> Oj 00 . 2.3.31
36
Temlcin and Lamkin (1961) considered this formulation 
in the case of an electron in the field of a hydrogen atom.
In this case the main contribution to V) (>r^ ) comes from 
the  ^ term. They write then
*= j E C 'TCco G  & G  <sU{)
where
E. : Y") - \ *r
% 0
2 .3.32
SO  that a cut off is introduced to ensure that the electron 
lies outside the atom. They then obtain
2.3.55
so that in this case
> Qo
(■^ x) — ^ 4 C(fy 1 ,
\S 2 .3.34
It is clear that if we adopt this procedure for the case of 
an electron in the field of a Carbon atom, then the main 
contribution to will come from s • We
propose therefore that in our case the form of the polarisa­
tion potential is given by
V p  I't) rs.  ^ polarisation 2 s 2.3. 55
«r
where
</, -* ( 0^  4 E  Lg^T
%  - '
such that
( Y“) ^
^  . O. ^ - ZV nr
e i
T-4> OQ 2.3.36
Niy (.O (S r*^ 4 0  4  *“ )
where o< is the polarisability of the core system, (Byd) 
the binding energy of the electron and ^  a parameter
to be determined. Writing ^ for ^E^ the coefficients b^  ^
are given by 
t»y = -LyoL ;
- - /^  4 <Xf )
2.3.37
in order that ^  f ^ 4 . We notice that
(O')
the behaviour of (r) as r —> 0 is quite different from
that of
To calculate in our case we consider the effect
of first order perturbation theory on the binding energy of
— C"*G". The radial bound state Hartree equation for (r)
may be written in the form
{ ^  i  V  ( 2.5.58
where E^ is the Hartree binding energy of the 2p electron 
and V(r) is the central potential. Introducing a small 
perturbation in the form of the polarisation potential
leads to a first order perturbed eigen-energy 
E  y —  E  M
where , 2.5.39
Voo - M  ] Vp*-^ C^ r) cL^r
i * G #  ^ I
^  O' 0 ^  (o "L 4" — 0 ’ ^ \ \ 0 9 tT O ç  ,
Adopting the experimental value E.^  = 0.09215 for E^ and the
Hartree Fock value E^ i  0.04, (2.3.59) leads to a value of
0.11075 for /% . (Fortunately the results are not unduly
sensitive to the exact value of , provided ^  < c  1.)
We solved equation (2.3*15)» subject to the usual
boundary conditions, for 2 = 0,2, using both forms for the
polarisation potential discussed, by the general methods
described in the next section. The cross section (2.2.23)
was evaluated using the experimental value of the binding
G""energy E.^  and the Hartree Fock radial function (r).
The results are shown in the (D.L.) and (D.V.) formulations 
in figs. 2.6 and 2.7; it is seen that the discrepancy 
between the two formulations is far greater using V^^^\r) 
rather than V^^^^r) and that only using V^^^\r) does the 
cross section have the expected slope in the immediate 
vicinity of threshold in both formulations. Our results 
using V^(^\r) in the (D.L.) formulation are about 30% lov/er 
than those of Gooper and Martin (1962) who used essentially 
the same formulation for the photodetachment problem.
However the phase shifts obtained from the non-exchange
«9
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polarisation 1 approximation differ by less than from 
those of Cooper and Martin. The 50% discrepancy in the 
cross section is likely therefore to be explained by 
differences in the bound state functions; in fact our bound 
state function decays much more rapidly than that used by 
Cooper and Martin. Preliminary results on this work were 
presented at Vlth International conference on ionisation 
phenomena in gases, Paris 1965, (Myerscough and McDowell 
(1964a)).
(c) The effects of orthogonalisation
We have solved equations (2.5.15) subject to the 
usual boundary conditions, and hence the requirement of 
orthogonality between the wave functions ^ ^ 2. g ( and P^g(r) 
for n = 1,2 has been ignored. We should in fact solve for 
£ = 0
o ^ ) 2.5.40
where \ are chosen so that P » (r) is orthogonal
ir,o
to , PggCr). Seaton (1951) has shown that all approxi­
mations are sufficiently orthogonal to P^^(r) so we will 
neglect in (2.5.40). V/e write then
2.5.41
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where is the solution of (2.5.15) for C = 0 and
is chosen so that P p (r) is orthogonal to Pp (r),i.e.
k^,0
L
 ^ 2.5.42
VL(T-) P x s  (^ 3  cLrr
If we then solve
X«> u. ( r - )  -z. P j ^  C -r)
where (^ o) =. O  ; m . (■»)'^ k  W  2.5.45
-r-> exs V
then (2 .5 .4 1 , (2 .5 .15) and (2.5.45) together are equivalent
to (2.5.40) for ^  = 0. The final normalised solution
P p (r) of (2.5.40) is obtained by imposing the condition 
k^,0
^ /'J 2.5.44
which leads to a value
^  ^ It- ^ . 2 .5.45
(We found in practice that j ^ o  ^ ) )
o
justifying the neglect of in (2.5.40).)
The values of X 2.S sind ^ obtained in this manner
using the different forms of polarisation 1 and 2 are given
in table 2.5, and the final results for the cross section in 
the non-exchange polarisation approximation with the inclusion
of orthogonalisation are shown in figs. 2.8, 2.9 respectively.
It is seen that the effects of orthogonalisation are almost
33
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negligible in the case of but radical in the case
of especially in the (D.V. ) formulation. In all
cases the cross section has the expected energy behaviour 
only in the immediate vicinity of threshold. It is worth 
commenting that, as more accurate continuum functions are 
used, it is the (D.V.) formulation which appears more 
reliable, as suggested by Seaton (1951) and Geltman (1962).
TABLE 2.5
NORMALISATION CONSTANTS Ç  AND ORTHOGONALITY PARAMETERS \ 
IN THE NON-EXCHANGE POLARISATION APPROXIMATION.
Electron energy
-yR m -
Polarisation Potential
Vpa)(r) V
P
(r)
X
2s
X  I
2s 1
€
-0.0526 1 + ^2s 0.5545 1 1.51
-0.0527 1 4- ^2s 0.5584- 1 1.47
-0.0602 1 + ^2s 0.5101 j 1.45
-0.0654-
1
1 + ^2s 0 .4-792 ! 1 .44.
-0.0664- 1^' 1 + ^2s 0.4515 1! 1.45
0.02
0.04-
0.06
0.08
0 . 1 0
96
§4". The static central field exchange approximation
(a) The general method of solution
We write equations (2 .5 .8 ) for an electron of 
energy k Ry and angular momentum t = 0,2 in the field of a 
neutral Carbon atom, the total configuration being 
[[(2p)^ J (k^l) ^P, in the form
^ ^ ^ ^ ; 2.4.1
where L^, V^^(r), ] ^re given by (2 .3 .8 ),
(2 .3 .11) and (2 .3 .12). (We have assumed X 0, following
the discussion in 83(c).) We require solutions of equations
(2.4.1) subject to the boundary conditions
and the orthogonality condition for 2 = 0
d r  - O  . 2.^.5
o
We shall outline first the general method of solution of 
equations (2.4.1), and then discuss in more detail the 
case J? = 0.
For 1 = 2  the solution of (2.4.1) is reasonably
2
straightforward. Omitting the suffices (k , 2) we can
9Y
solve
L 2, - O  1^
where ? 2.4-.4
Po lo") - O •, Po ('^) ^ Svn (.'(î.v- -"R. -V ') jf —> ^
leading to a normalisation constant chosen so that the
asymptotic amplitude of is k . We then adopt the
iteration procedure
L &  , 2.4.5
where a + b = 1 and, when i = 1, i - 1 and i - 2 are taken 
to be zero. The boundary conditions for (2.4.5) are
Pc (o) - O  Pc l^) ^  Siw ^ k.r- ^  4-  ^j 2.4.6
'<*->00
leading to a normalisation constant , and,on convergence, 
which satisfies the conditions 
Ci % Cc-v % Ch-2. 
h  S 5 Pc-I ^
the normalised function P^ ^(T) is a solution of (2.4.1) for
C = 2 subject to the correct boundary conditions (2.4.2).
The case 2 = 0 is more difficult. We solve firstly
the equations 
Lg Po
where , 7 2.4.8
Po - 0 j Pq(-'^) iOv, (.<'<■ +
and
Lo u. Cr) - Pz,s
where i-V». , ^  \ ? 2.4.9
Ufo') - O ; S-AO C^r-vCpo) ♦
92
We then proceed to iterate in the same manner as (2,4.5) the 
equations
Lo 4- k ] 2.4.10
subject to the boundary conditions 
P^Co) - o ^  P: 1^ *^' Sv/» + 2.4.11
"<*-> 90
leading to a normalisation constant C^. Here
? ^  ^(,<) % P( (•'") 2.4.12
where X is chosen so that is orthogonal to
^2s^^X i.e.
- - jP'^.,(r)p3.jCO (v)a^ . 2.4.15
In this case the convergence of (2,4.10) is determined when
% ?C - z.
Cl -s Cc-I r Cc-L 2.4.14
^ V 5 {, —2 ^J
at which point equations (2.4.9), (2.4.10), (2.4.12) together 
imply equation (2.4.1) for / = 0. The properly normalised 
solution of (2.4.1) for (, = 0 is then
% C " ’ [_ Pc -t Xc  ^ 2.4.15
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where G is chosen such that
C't ) ^  SvvA ( _ k r  -V- S o )
2 . 4 . 1 6  
that is
C  -  t  j  2 . 4 . 1 7
the sign being chosen to ensure continuity of the behaviour
of P p (r) considered as a function of k . (See §4(b).) 
k^,0
We outline the methods used for solution of (2.4.5)»
( 2 . 4 . 1 0 ) .
(i) The potentials V^g(r), 2 (r) ^  .
k » C
Writing for simplicity the radial functions P^g(r) for 
Carbon in the Roothan formulation
C < - ' )  -  % d l - v  e - "  2 . 4 . 1 8
Pj^ pC'c'i - £  Pc Ê'
1/
it is not difficult to evaluate at any point r an analytic 
expression for terms of these coefficients^ and to
see that as r —^0
4-Vg ”V- 0  . 2 .4.19
The exchange terms involve functions of the type Y^(n'Jt* » k^ X.) 
which we write in the form
oo
r  W
Yu ^ Iv» i V y t  -  '«' ■" { P^'&' V . & d/r
A  (/.'&' i W. ; I) i
A  ( v \ ' f  ; k ;  .1 ) - j* ?y^ >jji (r~ ) P Yt.\ e oUr
^ k^%.4r\ 2.4.20
We can then show that the exchange terms take the form as 
r —'> 0
e^i
'T
while the unnormalised i*th iterate solution of (2.4.5) or
(2.4.10) id_th the correct behaviour at r = 0 takes the form
[ 'e>0-+U.-r f 0 Ct ^)1 2.4.21
Pet'*') —  ^ ( I a  0  2.4.22
T-> O
2
where the a^ depend on Z , £ » k , V^, b^» b^.
(ii) The solution of the integro-differential equations 
(2.4.5)» (2.4.10).
We write these in the general form for the i*th iteration
P "  4- V M  P  =  i:C<) ^ 2.4.25
then the solution P . at any point r . is given in terms of
d Ü
the solutions P. t » P. ^ and corresponding function values
1-1 1-^
V . , V . Z . T , Z . o at the points r . . » r . g where
1-1 l-c: 1-1 l-R l-r 1-^
T 2.4.24
by the method of Fox and Goodwin (19^9)
to\
(j (' ) - Pi-' V >  ) + P,'- i (- f^-
=  U*- ( 2rj + \0 ) .
2.4.25
Here .P. is a correction term given by 
1 j
2.4.26
where S . S . .^ are 6*th and 8*th differences. A test1-1 1-1
of the accuracy of the solution is provided by the size of 
the correction terms; in practice we found these only to 
cause differences in the ?th and 8th significant figures of 
the uncorrected solution.
(iii) The normalisation procedure.
The normalisation of the functions P^ consists essentially 
of ensuring that their asymptotic amplitude is k . We use 
a method proposed by Stromgren (see for example Bates and 
Seaton (1949)). For large r equations (2.4.5)» (2.4.10) 
take the form
-ir U ? i  - O  j 2.4.27
dsr^
the exchange terms being unimportant. The solution of 
(2.4.27) may be written
Pc c Cl v'""’ S -  , 2.4.28
where is a constant and z represents à'T and is
\ 0Z
given by
2.4.29
Equation (2.4.29) may easily be solved for z by iteration,
2
taking a first approximation of for z ; the convergence
is very rapid and usually two iterations are sufficient. As
2
r —> €>o it is clear that yLu — k and hence the asymptotic
-1/
amplitude of (2.4.28) is G^k . The normalisation constant 
0^ is easily found if at any two points r^, r2 we write 
\
< =  i 2.4.50
when straightfor\A/ard analysis gives
Cj %. ^ 4- s-ejc?" 4r C'^ v”'  ^ ^ 2 .4.51
We calculated at two distinct sets of points in the Fox- 
Goodwin iteration procedure for P^(r), (r^» ^2 4^  ^ 5? " 
r^, r2 ^ 50 for J2. = 0 ), and obtained in general 5 signifi­
cant figure agreement between the two values.
(iv) The normalised solutions Pj^(r).
To avoid extra storage space these were produced as sets of
Tchebychev coefficients over in general five ranges. If the
range is denoted by a 6 r < b then for such values of r
Pj^ (r) was fitted to the polynomial
*=• To 4r \?^ Xy iyr) 4r - - . » 4-
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and the T a r e  the usual Tchebychev polynomials. The 
range points a, b were arranged so that the solution 
obtained in this manner gave 5-6 significant figure agreement 
with the numerical solution.
(v) The infinite integrals A(n' k , Z.).
These viere evaluated, using the unnormalised solutions, by 
Gaussian quadrature over the Tchebychev ranges in the form 
f  Çt'T) dx- ^ A  Ck - A.) ^  4
^ ^ t=. \
where 2.4.53
^  (lot- oJ) -V- -k ^
The values of are tabulated by Kopal (1961) and, since
results for the infinite integrals using N = 10, N = 12 
agreed to 5 significant figures, we adopted N = 10 to reduce 
the computational time.
(b) Detailed discussion of the solution of equation
(2.4.1) for ( = 0 .
We shall suppose the equations (2.4.8), (2.4.9) 
already to have been solved by the general methods outlined 
above. The rate of convergence of (2.4.10) is much affected 
by the slope of the wave function U(r) at the origin, and 
since UU[r) is independent of the approximation to P^^\r) 
we take all the approximations to P^^\r) to have the same 
slope at the origin; in fact Pj^ (r) is chosen to have unit 
slope and W.(r) to have zero slope at r = 0. (cf. Seaton (1951))
o4r
The procedure for the convergent solution of (2.4.10) is 
then as follov/s.
(i) Evaluate ^ j__Q_ from (2.4.15) and calculate the infinite 
integrals A(ns, 0, 0) involving and VL.
(ii) Evaluate the expansion coefficients for the exchange 
terms Z(r) = X [aP^^"”^ ^ + as r —>0.
RQ
(iii) Hence calculate the expansion coefficients for Pj^(r)
as r 0. Evaluate from (2.4.22) for Z - 0 the solution
values P. for j = 0,1,2,5 with h = 0.01, r = 0.01.J o
(iv) Evaluate V. for j = 0,1,2, and the values of, for
kexample, the r-integrals j P. P . .r = j g(r), from
o  o
their expansions as r —>0. Hence evaluate Z^, Z^, Z^.
(v) Calculate P^ by the Eox-Goodwin procedure (2.4.25) 
and check agreement to seven significant figures with the 
value obtained in (iii).
(vi) Calculate a block of uncorrected values of P., (usually
d
21), using in the exchange terms Z . the formula for the 
r-integrals
I h  - Ç«3j_2
2.4.54
(N.P.L. (1961)).
(vii) Correct, and store the corrected values.
(viii)Repeat, doubling the interval, from (vi) until r > 15*
05"
(ix) Normalise the solution using Stromgren's technique on 
the calculated corrected function values of the current 
block, and repeat from (vi) for one further block. Compare 
the two normalisation constants - agreement is usually to
5 significant figures. Store the normalisation constant C^.
(x) Subdivide the total range of r into 5 ranges and fit a 
linear combination of Tchebychev polynomials to the corrected
normalised function in each range. Store the Tchebychev 
coefficients and the range points a,b. Repeat from (i) until 
Cl = Cc-\ 5 Cv-2.
5 \ = ^ C." 3L
Pc-x ^ Pc-2 . 2.4.35
A flow diagram for this procedure for the convergent solution 
of (2.4.10) is given in the appendix, together with part of 
a typical set of result s. All the numerical work involved 
was carried out on the University of London Mercury
Computer and the University of Manchester Atlas Computer.
We found the fastest convergence occurred with a = b = 
and that reasonable range points for the curve fitting 
process were
< 0.1 0.01, 0.45, 4.67, 12.03, 21.63, 43.39
0.1 < 1.10 0.01, 0.45, 2.59, 9.15, 21.63, 43.39
k^ > 1.10 0.01, 0.29, 2.03, 7.55, 21.63, 43.39
which gave agreement between the Tchebychev solution and the
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numerical solution of 6 significant figures for r <T 20 and
5 for r > 20. The final convergent solutions usually 
displayed 4 significant figure agreement in ^ , and 
the Tchebychev coefficients for and required up to 40 
iterations for low energies. At higher energies requiring 
fewer iterations we feel the results to be reliable to 5 or
6 significant figures. To justify the neglect of the 
orthogonality parameter X we evaluated the integrals
*3 dxT
-4and found these to be at most 1 x 10
The final results for the normalisation constants
0^ and orthogonality parameters X ^ are shown in table 2.6
together with the expected accuracy of the normalised wave
functions P q = (Pj + solutions of (2.4.1) for
k ,0 ^
^ = 0 subject to the required boundary conditions (2.4.2). 
The parameters G and asymptotic amplitude A of the final 
solutions are also shown in table 2.6; the asymptotic 
amplitude should of course be k . It is worth discussing 
briefly the behaviour of 0. We find that the wave functions 
Pj^ (r) and VL(r) are almost exactly in phase, or out of phase 
by iT, so that the equation
C - t  L ^ "t' Xj^ Co 2.4.57
Joy
TABLE 2.6
NORMALISATION CONSTANTS AND ORTHOGONALITY PARAMETERS FOR
THE FINAL SOLUTIONS P o (r) of (2.4.1) for & = 0.
k"^ ,0
k2
no. of 
X. itera­
tions
Accuracy Differ- 
of ence in 
P p (r) phase of 
k ,0 P^ and
G A(k"^
0.02 2.3232 -0.7794 59 4sig. fig ^ 0 0.2209 2.667
0.04 1.8755 -O.8O27 58 II ^ It 0.1975 2.236
0.06 1.6140 1.1560 57 II T- ^ 0.1610 2.021
0.08 1.5205 -0.7947 57 II 4  0 0.2505 1.881
0.10 1.3640 1.1570 56 II = ir 0.1575 1.778
0.30 0.9551 -0.3051 24 II ■= II 1.3024 1.551
0.50 0.6658 0.5121 24 It T 0 -1.5118 1.188
0.70 0.51541 -0.24682 24 II 1.2450 1.095
0.90 0.406876 -0.211015 20 4 or 5 =- " 1.21101 1.027
1.10 0.329100 -0.167010 15 5 T *  " 1.16280 0.977
2.10 0.238010 -0.008901 10 6 =: " 1.00890 0.830
3.10 0.2112756 -0.001100 10 6 i  " 1.00110 0.755
og
implies either
C  ^ (_ I *4- if are in phase
or C  i  T (V-X) if P. )VL are out of phase by IC
The further requirement that all solutions P p (r) should
k"^ »0
have the same sign at r = +0 gives the sign of G . (This
definition essentially ensures the continuity of P p (r)
2 k ,0
vas a function of k . )
In the case C = 2 (2.4.5) converged very rapidly
with a = b = )^ and required only three iterations for
0.06 k^ < 0.10. We therefore felt justified in neglecting
the exchange terms and adopting the straightforward Hartree
solutions of (2.4.4) for k^ 3 0.50. The final results for
P p (r) should then be accurate to four or five significant
k ,2 2
figures over the whole range of k .
(c) The photodetachment cross section for G~ in the 
static central field exchange approximation
The cross section for the process
^  C ‘ C ^ s )  — > + C C ^ P )  2.4.38
is given in the one electron separable orbital approximation 
by equation (1.2.55) *
O-Xi w*-) ) 2 4 39
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¥e used the bound state Hartree Pock functions (r) given
by (2.2.28) and table (2.5) and calculated the matrix
elements cr^  using a sixteen point Gaussian quadrature
in the manner described in §4(b). The results for all values 
2
of k agreed to 5 significant figures with those obtained 
from a 14- point Gaussian, and the matrix elements are
shown in fig. 2.10. We see that cr^ (D.L.) and (D.V.)
are in fairly reasonable agreement, but (D.L.) and
(D.V.) differ quite considerably. Using the experimen­
tal value of the binding energy and taking ^  = 1 we give in 
table 2.7 the calculated values of the photodetachment cross 
section (2.4.59) while the cross section is shown graphically 
in figs. 2.11 and 2.12 (Myerscough and McDowell (1964b)).
It is seen that the (D.V.) formulation gives close 
agreement with the experimental results where available, 
except at very low energies. In neither formulation however 
does the cross section have the expected low energy variation 
except in the immediate vicinity of threshold. We modified 
the results of table 2.7 by calculating the overlap factor
w.
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TABIE 2.7
PHOTODETACHMENT GROSS SECTION FOR C~ IN THE STATIC 
CENTRAL FIELD EXCHANGE APPROXIMATION, = 1 .
Electron
energy
photon
energy
wave­
length
cross
section
: A y ) (eV) (°A) O-(DL) cr (DV)
0.00 1.25 9893 - -
0.02 1.521 8I25 2.92 5.46
0.04 1.79 6896 5.01 8.45
0.06 2.06 5989 6.82 11.97
0.08 2.33 5293 8.08 13.10
0.10 2.61 4742 9.46 13.70
0.30 3.32 2323 22.44 13.94
0.50 8.03 1539 24.68 13.10
0.70 10.74 1150 21.8 11.05
0.90 13.46 918 19.3 9.50
1.10 16.17 764 16.2 8.21
2.10 29.74 416 3.6 2.13
3.10 43.3 285 1.3 1.16
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which we found in our case to be 0.955• The modified results 
are shown in fig. 2.13; it is seen that the introduction of 
the factor ^  = 0.955 improves the agreement of the (D.V.) 
formulation with the experimental values.
Finally we consider the oscillator strengths sum
rule
^  f Ovi N 2.4.42
which, referring to the discussion in Chapter 1, gives the 
inequality for the actual photodetachment cross section
N>
2.4.45
. o J -tr' ^ ^
■f
(the p-electrons only contributing)^where  ^ = 989$°A. We
require the behaviour of CT“(,X) as X  0, that is the
2behaviour of the cross section for very large k . It is
2
clear that for large k a plane wave approximation for the 
free electron is adequate, and from the discussion of the 
Born approximation in §2 we see that
CT" (bUj'bv) k, +  0 ( k  )o'- ' k-» ®o
-«/ -isv \ 2.4.45
cr^ ) <=0 k   ^ +  0  ( k
and hence cr* oC +  O  ( k  j 2.4.44
9
u>
ulZ
1 0
ÎÎ
^0. 
X ft.
k:
.0
M I
U-id (. O V )  z X / ( X ) - ^
h Y
Thus as X 0, r  C 0 as . The function
crCX)/ is shown in fig. 2.14, with ^  = 1.00. With
these values simple integration yields
-  ^ r  oL-x ^  4 . 4 4 - 5  C b . L  )
^ 4  ®*0 a 2.4.45
- 2  t'b-v.) ^
the modified values with ^  = 0.955 being 5.96 and 2.34 
respectively. Thus it is seen that the final (D.V.) results 
satisfy easily the inequality (2.4.45). On the strength of 
this fact, together with the close agreement of the (D.V.) 
cross section with the experimental values except at very 
low energies, we expect the static central field exchange 
approximation in the (D.V.) formulation to provide the best 
presently available cross section for the photodetachment 
of C~ at photon energies greater than 3oV» (At very short 
wavelengths these results may not be too reliable due to 
possible detachment of an inner shell electron.)
(d) The metastable ^D state of
In their experiments to determine the electron 
affinity and photodetachment cross section of C , Seman and 
Branscomb (1962) detected a certain amount of absorption on 
the long wavelength side of the threshold for the process
W  4- C-C4-C,) 2.4.46
l i
U3
This was thought to be due to a possible metastable state of
— — 2O'”, weakly bound, namely G""( D).. If this were the case,
then two further processes must be considered
4r CC^P) 2 .4.47
and k V  +  C  C^D') -5> &  + CC'D)  ^  2.4.4-8
the thresholds for the two being 1.26 eV apart. If we
—  ?
suppose the 2p radial function for G""( D) to be little 
different from that for G“(^S), and further that the con­
tinuum functions for the process (2.4.48) are not much 
different from those for (2.4.47) in the static central fieH 
exchange approximation, then the cross sections for the two 
processes (2.4.47), (2.4.48) are given in this approximation 
by
cr“ ■= " S ' ( j ?  (!<-“«■*■) 2.4-.4-9
—  2respectively, where we have supposed G~( D) to be about 
0.5 eV bound. We use the (D.V.) matrix elements calculated
in the previous paragraph §4(c) and include the factor
(f = 0.955; the total cross section for photodetachment 
from G“(2]t)) is shown in fig. 2.15. Beyond the threshold 
(1.25 eV) for photodetachment from G (^S), Seman and 
Branscomb detected an absorption cross section of approxi-
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12^1
“■18 2mately 0.5 x 10 cm , whereas from our calculations in the
-» Q p
range 1.0 to 1.25 eV the approximate value is 5 x 10 cm . 
It seems possible therefore that up to 10% of the ion beam 
used in the experiment was in the metastable state. If this 
were the case, then the measured cross section would be
cr - cr 4- -L. r cr' + cr" )
\D \o  ^ , 2.4.50
but as seen in fig. 2.16 the calculated value of 5^ (D.V.) 
is very little different from the previous results for the 
cross section cr for the process (2.4.46). It is therefore
_  p
likely that the presence of possible metastable C”( D) ions 
in the C“ beam is relatively unimportant in determining 
absolute experimental values of the photodetachment cross 
section.
§5« Continuum correlation in C".
(a) Variational method for continuum states
We consider the ejection of an electron from an 
atomic system with Z + 1 electrons in a one channel rep­
resentation, the channel index being
P L )  ^ 2 .5.1
Z2
where is the configuration index for the final hound
system of energy , and the ejected electron has angular
2
momentum and energy Ryd. so that if the total energy 
of the system is E, then
G. - 6  ^  ^  2.5*2
Equation (2.5*1) has been expressed in the usual notation;
m m m
here L , , Mg refer to the total system, while L, Mg
refer to the core system.
If. now is a trial function for the final
state of the system, then defining
I t  ^ t  j 2.5.5
where is the total scattering wave function and
then Hulthen*s variational principle may be written in the 
form, (Moiseiwitsch (1962)),
1 ^  = O
'^ 1.^  ^ 0  j L =
"bcc.
where =. (c^, Cg, ..., c^) and the are variational
parameters. We now suppose ^  to be an antisymmetrised 
product of one electron functions, expressed in the form
t -  4 r  tc 2.5.5
\2 3
where (Àj is the antisymmetrising operator
^  C ' O  j 2.5.7u
and P p (r./P) is the analytic r-multiplied radial nart of 
the continuum function to be determined, normalised accord­
ing to
r;-->oo
2 .5.8
^r*f^ being the diagonal term of the R matrix. The 
are then given by
E  ) 2.5.9
where
J
where
P.'i,'t a )  2 .5.11
is the one electron bound state wave function of ^ 4 and 
are Clebsch Gordon coefficients such that corres­
ponds to core state ^  •
We now choose
'Efc -- 4 r
2-t
where is independent of any variational parameters.
Following Salwoaa(1965) equations (2.5*5) then lead to
X 'Î /- P , . , C a „ I P ) ■ f e , - °
2 .5.15
where 4Ï2+1 iii^icates integration over the angular 
coordinates of ü^ i+l and we have dropped the suffix P
Equation (2.5*13) reduces to the one channel variational 
equation, (Salmona(1965)),
i t '  ^ ('^u- IP),
*vi '
2.5.14
where
3
2 .5.15
and we have written dr^^*^^^ for ..... ^z+1*
If v/e apply these equations to the configuration |c(^P)k^O*] 
discussed in §5 then equation (2.5* 14-) takes the form of 
equation (2.5*8) for Z = 0. Hence we see that the Huit hen
variational principle in the form (2.5*5) reduces in the one 
channel separable orbital approximation to the static central 
field exchange approximation, which we previously obtained by 
supposing analytic continuation of the Hartree Fock equations 
for an electron in the field of a neutral Carbon atom from 
negative to positive energies.
(b) Continuum correlation in G"
We have already seen in §4- that there is a large 
discrepancy between the results in the (D.L.) and (D.V.) 
formulations for the photodetachment cross section of C" in 
the static central field exchange approximation; it is clear 
that this is due to the assumption of one electron separable 
orbital wave functions. At low energies the main contribu­
tion to the cross section com.es from the matrix elements . 
In this section therefore we shall attempt to study the 
effects of correlation, between the position of the ejected 
electron of angular momentum zero and the bound (2p) elec­
trons, on the cross section in both formulations, with a 
view to resolving the anomolies at low energies.
We rewrite equations (2.5*5) as before for & = 0,
but everywhere replace g P 2 (r./p) by
i k^ ,0 i
y. 9 2.5.16
12.6
so that we introduce a radial correlation function g(r., r.)
1 d
between the position of the ejected electron and the bound 
(2p) electrons. The boundary conditions on g(r., r .) are
1 j
3 o CU» -re O) oo 2 .5.17
SO  that, for example, we could choose
9 \ H  |S<-C) y -  .e. '■ 2.5 .18
where (i ^ are variational parameters, > O . Equations 
(2.5*5) then reduce to
^ - 2. ) 2 .5.19
together with
I M  (..I - Z  1^' (rj) . C  ,
I'L') , . \ / 2 .5.20
where
and
L  = ( - C^'^00 “ 2W««) j
2 .5.21
being obtained from by replacing g(rj^ , r p  by
z y
and by replacing g(r^, r p  by -r^g(r^,rp
In principle equations (2.S.20) may be solved for ,
though the process would be extremely tedious, and finally
P p (r./r ) may be obtained from (2.5*19)* However the
k ,0 ^
far simpler equation (2.J.8) for t = 0 is lengthy enough,
(see §4-). One might therefore consider a first approximation 
in this method, in which (2.5*20) is solved for ^ and 
(2 .5 .19) is replaced by (2.3.8) for Z = 0. This is not 
necessarily an improvement on (2.3*8) alone, unless the 
difference between P ^  ( r . / p  ) and P p  (r./P) is small
k p ,  ^ k p , 0
compared with the effect of the correlation function
g(r., r .), and we have no means of estimating this difference 
1 d
We note therefore that (2.3*8) for 2 = 0  may be 
obtained by minimising the integral
2 .5.22
where ^  (^P, k^O, ^P) is the total one electron separable
orbital wave function for the configuration [_G(^P)k^O j ^ P
2
of an electron of energy k <  0 and angular momentum zero in 
the field of G(^P), and analytically continuing the result- 
ing equation to k > 0. (We have not attempted to justify 
this procedure, but its final agreement with the more
rigorous formulation discussed in §5(sl) suggests that it is
12.3
not an unreasonable method of considering the problem.) We 
therefore choose now
2 .5.23
where P p (r.) is obtained from (2.3.8), and we adopt the
W , 0  ^ 2
series expansion for the (2p, k s) correlation function
~ ^   ^ 2 .5.24
C c \
where 0^^^ (t = 1,2,..., N) are variational parameters
with 3 j. > 0. f(r. , r .) is then a radial correlationU X d
function, between the ejected electron of angular momentum 
zero and the bound (2p) electrons, and satisfies the con­
ditions (2.5*17) • Then if E^(G~) is the calculated 
Hartree Pock energy of G", for k ^ <  0 (2.5*22) implies
=  E '  2.5.25
2
where, if the interaction energy (2p, k s) is 
(Zp,feS) = 3.V C^Pji ^  5 j "Zp j ;
- (Zpj^k^C i ZpL, k h j  } j
then the correlation energy is given by
2.5.27
2.5.25
where
x\
F  Y , 2.5.28
is the bound (2p) wave function for C(^P), and
Pc - <c IS":,;*):). 2 .5.29
t  -  V
It is of interest to calculate the restrictions on S 
From the diagram shown below
(N) 
corr
E^(c) ^ -75.377 Ey
E^(C-) - -75.417 Ey
(Clementi & McLean (1964-))
 ^exp(^) - -75.714. Ry (Slater (I960))
 c -75*806 Ry (Seman & Branscomb (1962)),exp
we see that if we take to be then from
(2 .5 *25) we have
( ^  , . _ s  „  r  H
^  ^ ^  (5-) -  £^"'(C") -  D'%%3Ry^2.5.30)
which is exact for < 0 and gives bounds on E ' WeO OX i
shall see later that (2.5*50) is satisfied by our correlation 
function for the values N = 1,2 calculated.
(c) Evaluation of the correlation energy and the
photodetachment cross section
The photodetachment cross section for the process
\lo
U V -p C" 4r
2 .5.31
is given from equation (1.2.28) by
^  =- i 2 .5.32
where E.^  is the binding energy of the ejected electron and
= <  i f  tlj I I f  >  Cb.u. )
J
*
2 .5*55
If the initial state wave function is as expressed in §4- and 
the final state wave function is given by (2 .5 *23) for £ = 0 
then performing the angular integrations, summing over the 
initial and final states and averaging over the initial 
states, (2 .5 *52) becomes on inclusion of correlation terms 
of the type (2.5*24-)
2.c-y ^ cwv»-. 2 .5.54
Here ^
2 .5.35
are the matrix elements calculated from the static central 
field exchange approximation in §4- and
e  (,l> v .)
z
2 .5.36
and we have assumed for simplicity 
e>o.
f  P.t 4 )  -- 1 .
(i) N = 1 
We write
+ Z I  f  ^ 2.5.38
where
X ) " -  I @ Î Y f  ir. Pc
=  .‘«f P*..,oW ^  *
2 .5.39
' r-v 2 .5.40\)
IS2
that is
2.5.41
-%. T.'
l y  ^ o^ \ j 9<r ^
5 0 CL& OUre oF-tt^ o <^ e>/^ «,€.,
2.5.42
^4 - j'-k.P^ C<‘v U  P4t'5j')'^ ;Y-;^ v-e ' ” ‘^ e. I «u,©ctC^9j
2 .5.43
that is
(O i_ f '•C<l>c-<t>0 -»i , W' Cw'cfc-fcS)
4^- ' \Svv\Gc&v\^ j & z-r^ 'T^ 's P, & T
%zTt^  J ‘ ■^ ,^. .lU-vWnl ■*
Oo VI
X r (v^-\wOÎ . n tyv\L ^
 «-
2 .5.44
where we have written
■^ Cj ' n i f  -s. [ f \ } - ^  'Cÿ*- - Zr^Tf e-Oi B-c; )
2 .5.45
in the usual manner, and ^  ^ tjert» 6;, . We divide the
133
integral (2.5.4&) into two parts, Z^, Zg corresponding to
2 2
the terms involving (r. + r . ) and -2r.r . respectively.
^ J ^ 0
In the first of these the integration over implies
2
contributions from m  =-l only and gives . We then obtain
z, Pzp (<) h f  C V  ^ c U o d U - y
2 .  ^  ( K v )  ?n  { k  ^  ^ S ws G ^ S v w G { .
v \ z . ^  Cv\*^ \V, v\4: \
and since S\<\ & - ?, we have the n = 1 term only j
^  dUrj .
2.5*4-6
In the second part of %2 ? the angular integration over
implies contributions such that
YV\ ' 4" W\ 4- % O ^ \ ^ M $ 1
».e, w' % -1 ) m •- o ; 2 .5 .47
yv»' =. o
W4* %, {
2 .and gives 4-tt in each case. Hence
I.(KC\ P( ) Py\ (Ks)?n (Ki^%
n to r («t»'»!
4 kn}' iKiWY» (kl)
2.5.48
Thus only the terms n = 0, n = 2 enter in the summation in
o
(2.5.48); the angular integration over these gives g for
-1 r:
n = 0 and for n = 2, and hence
^2." (Tj ] &  '-4
- t  U c ) f 4  C O
•G
2.5.49
Q
If we now express Pgp iri the simple form used in §4
^ E P ^ e V ^  2.5.50
then we obtain finally, writing for ,
I4  ^ (c) e- ' cU-- 4o
2 .5.51
If we now write
ly» CL Q(, x ; ‘" J
X-f' =  ^ C-- z,4 ; ^
then
J 2 .5.55
so that
^ ^ O ^ c l O  T=> oC, - - 2 .5.54
and
O U . .
/ :50 2.5*55
Hence the minimisation procedure reduces to straightforward 
minimisation with respect to ^ . This was easily performed
by a programme which chose an initial value of Y\ , calcula­
ted such that 0 and hence calculated
, continuing until the minimum of ^corr^^^ 
was reached. (We required ^y> 'io , where So was fixed 
to ensure that the boundary condition ^  O was satisfied; 
we found * ) A set of typical results from this
minimisation procedure is shown in fig. 2.17*
In a similar manner to the methods discussed above 
we evaluated P^(D.L.) and ç^(B.V.) and found
€y = \7,0^
P Û f 3 
-  «l» f P4' V  E  Fpl ^ 61-Zr ^  2.o\ (,
^  ^  f f U f *  TT. 77-
”'.22?
2.5.56
l3(o
( E ^ ‘ ) Ç , ( D . V 0  -.-0^  f p  c  ^ + 4 2 f  4 - ï i  -
^ P ^ <p^ p^'' ?p®
-  Z3o4- ^
<p*"' V - r M
■'’’^ i - ' P j p  S  Fp &  ^ ^  +%g -»-Üt±-îî&^ _ 2304 7
' < r  fp^ r
> w«. S  | |  ;  p ^ -  p  ‘ ^  ^  s  £ p  ? p . r  ' h .' p -  
>  •  «  P < ,w  ' -
1*^,1''^1'W‘oU  -i+^,-.,S ]Pz^-p^rcL
'^ '^ ' I ^  IZ*-P C*^ "*• Ee_ ’’fe'pJ'CodpT
Sp o r Ç P 4p’ o Ti '’
2.5.57
where in this case we have written
P^‘-Cr)-- £Çye V .
2.5.58
To check the rather lengthy analysis we also evaluated the 
dipole velocity matrix elements 0 ^  in their hermitian 
conjugate form
39
2 .5.59
which gave
00
e, u.v.H.c.) ^
^  P ^ fp'' ff*»' <pfcr J
'^ '*^ 'f' ^4- -tzox:»s ^
O ?<? o t"
'^ ‘ r*’if <‘v^'?F(j>e 4.4Zf +.|\i +m,iv _ ^%o<p _ z.%04 ?
' <p"' V  i?-
?
"dir
09
?  ^ ^ o
cLr
Po
2.5 .60
The evaluation of these matrix elements was performed using 
16 point Gaussian quadrature over five ranges from r = 0 to 
25. The results for Ç| (D.V. ) and (D.V. HC) agreed to 
six significant figures.
The final results for the photodetachment cross 
section (2.5.34) including a single bound free correlation
\ ^ 3
TABLE 2.7
SINGLE TERM BOUIID-PREE CORRELATION IN O' 
Energy and parameters
k^(Ryd) 1 ^ 1 f^(D.L.) €]_(D-V.)
0.02 -0.0352 1.28 2.75 0.183 -3.6
0.04 -0.0654 1.80 2.76 0.245 —4.6
0.06 -0.1284 2.78 2.86 0.325 -5.2
0.08 -0.1632 3.20 2.875 0.365 -4.8
0.10 -0.0898 2.15 2.775 0.286 -4.1
0.50 —0*0070 0.75 4.76 0.009 —0.2
""18 2Photodetachment cross section (10 cm )
k^(Ryd) or(expt.) o;(D.L.) oj(D.V.) g;(D.L.) ogCD.V.)
(no comelatlon)
0.02 14.5 2.92 5.46 3.15 1.58
0.04 14.2 5.0 8.45 5.54 2.84
0.06 13.9 6.80 11.97 7.50 4.58
0.08 13.4 8.08 13.10 8.72 5.90
0.10 13.2 9.46 13.70 10.2 7.55
0.30 22.44 13.94 22.5 13.8
14-0
term (N = 1) are shown in table 2.7, together with the 
parameters , the values of ®Qorr^^^’ sincL the matrix
elements . It is seen that this form of correlation
radically affects the results in the (D.V.) formulation, and 
that the correlation is only effective at low energies.
(ii) N = 2
The evaluation of S was tedious; the analysis being
C UJ?]?
(1).similar to that involved for ; we shall just
present the results. Writing x^ = , Xg = , x^ = Of j ,
x^ = and (r) "= Fp e
with ; 2.5.61
E p  =  j  x . \ % .  -  ;
we obtain
C^o«rr  ^ -r c^Lr -VS'toSS A*  ^roLr
^ ? o '
"4
o
_4-1^
4aC|
j oU- fifipjVcir -2ç/
4 4ur4
(oo/>t )
14-1
" 4x,«* i ^  i ~
4. Z9tO 4- » bjc^Xv f [ P^p*-3^T^oU-
% 4 % _ ? -o’‘.J.
2^ x.’ i —  axal^  J ^  i
^ OLr
00
-i±4'C[(^r^""';^6ur
4>ti c> 4-%^ o o
~ rtPi.p 3 ^ e 4 r  hg  ^ ^
2. x ^9 {  —  V O
0» ^
-  » 3 4 4  X 4. S  Eel j cLr
P £p e> ft
-t4x<,[p^ . +11^ viit ■>
o ^  c ^ if^  gp^r ;
du-
-(,41^3^5 -Sg 4 90xj^ E  Er ? p 4 e ’"'^ r^ dlc
f i p %  ^  P fp'»3 "P
+Z^3^j^Pw»''&^' ■*'?±L^ 4->a«»'^ 4. i%C.T- -t- ?«t ? eU
 ^ ^ <P^ V  V  V  ^
(CO'Tït^ ’)
142.
oo
+ .^2.40X^E ^^Cp^U^^-^dLr
o ^ O
4Z:C^ fP;^  ^ê ’^ *'^ :^ (=p £ ^ f + ‘^13LT® 4: .V 'Uhl^
» f  ^ Ep^ £,.’>■ Ep' Ep»
. 1
( *r.
2.5.62
(O')
We minimised i^^ .^Qpp using the method of restricted 
functions to ensure that the singularity as is
removed. We write
^ccrvr ' 2.5.63
as a function of four variables, subject to constraints of 
the form
S Ua. ; 2.5.64
 ^  ^ I
^4 ^  ^ W<V. >
where the a^, b^  ^are set numerical values. The method of the
(2 )programme is to search for a minimum of S  ^ subject toC Oj?j7
these bounds on the x^. A set of four mutually orthogonal 
directions is set up and a series of trials made along each,
modifying the distance along the direction until one success
and one failure have been recorded. A new set of directions
43
is orientated in the direction of fastest progress and the
(o')
constraints are applied by multiplying E ^   ^by functions 
(i = 1, 4), which have the property of being unity
if belongs to the range [a^, b^ ]^ , but decay rapidly to 
zero if x^  ^ lies outside this range. The values of the 
bounds finally adopted were
S. i A  to* 0 ‘
-  ^ ^ ) 2.5.65
and with these conditions the minimisation procedure usually 
took about 25 sets of trials giving a final accuracy of four 
significant figures.
The correlation matrix elements are given
quite straightforvjardly by
X  ^ftp ' Pzp 4f Y  «T
o o
» o
( £ e C D .  V.3 ^  d u -1  Pi.p "  -f^ e
Pzf" dur
*» ® **
+  S P ip Prp 'I'^oUrT’r+e. ^P'"pUr
"'ifPijf'’ Pap* ^  c W  2 .5 .6 6
-  i l  Pip '^ Pxp P ifV  •
M-M-
where here
C-r) - S  Fp e  2.5.67
and the expression for (DV HC) gave identical results
to that for 0^(D.V.)*
The final results for the cross section using the 
two term bound-free correlation are shown in table 2.8
(o ' )
together with the correlation energy and the
parameters ^ ^ ^ , t = 1,2. Fig. 2.18 shows the photo­
detachment cross section for C” in both (D.L.) and (D.V.) 
formulations with no correlation, and 1 and 2 term correla­
tion. In both the cases, N = 1,2, satisfies the
conditions of (2.5*30) and it seems probable that this 
process, if continued, will converge to reasonable agreement 
in the (D.L.) and (D.V.) formulations at low energies, both 
having the expected energy variation only within the
immediate vicinity of threshold, (Myerscough (1964)). It is
2
seen that for small values of k the correlation function 
falls off approximately as 0 ''in the cases considered.
If we express this decay as ^  ^ then /'o?0 4 which,
as the radius r of carbon (^P) is approximately l.?l 
(Cooper & Martin (1962)), implies this form of correlation 
is effective only when the ejected electron is still well 
within the atom. It is therefore reasonable that the (D.L.)
TABLE 2.8
TWO-TERM BOUND-FREE CORRELATION IN 0"
Energy and parameters
k^(Ryd) %  '^2 ^2
0.02 3.356 2.501 -0.928 2.500 -0.074-3
0.04- 6.521 2.590 -1.720 2.501 -0.1323
0.06 7.385 2.599 -1.856 2.500 -0.2627
0.08 6.918 2.521 -1.891 2.501 -0.3225
0.10 4-.285 2.504- -1.134- 2.501 -0.1737
Photodetachraent cross section (10~ cm )
k^(Ryd.)
2 2 
S  F^.(D.L.) ^e^,(D.V.) 
t=l ^ t=l ^
^(D.L.) Oÿ(D .V.) 
(two term correlation)
0.02 0.05 -3.25 : 2.975 1.83
0.04- 0.10 -4-.4-5 5.144 2.95
0.06 0.14-5 -4-.90 7.064- 4.801
0.08 0.21 -4-.4-0 8.4-8 6.24-
0.10 0.17 -3.60 9.80 8.02
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V> u>
cross section should not be much altered by the introduction 
of bound-free correlation, and also that the correlation 
should only be effective at low energies. It is worth 
noticing that the (DA) cross section should be radically 
affected by this correlation procedure; we have already 
pointed out that it is not very accurate in a one electron 
orbital separation approximation. It would be of great 
interest to study the effects of bound--bound correlation, 
not only at higher energies where there is a wide discrep­
ancy between the uncorrelated(D.L) and(JD.V^ results and 
bound-free correlation seems unimportant, but more 
particularly at low energies, v/ith a view to resolving more 
precisely the range of validity of the threshold expansion 
laws.
4%
CHAPTER $ . THE ELASTIC SCATTERING OF SLQV/ ELECTRONS 
BY CARBON ATOMS
§1. The differential and total elastic scattering cross 
sections; the effective range expansion
Consider a parallel beam of particles moving in the 
direction of a (chosen) z-axis such that N particles cross 
unit area normally per second. Suppose a scattering centre 
to be located at the origin, then the number of particles 
deflected per second through polar angles G , àf into the 
element of solid angle iLw % takes the form
where % has the dimensions of an area and is called
the differential elastic scattering cross section. The 
total elastic scattering cross section Q is then the total 
number of particles scattered per second from an incident 
beam of unit flux density, that is
Q-e. j ^ % (.0, 6- (L6 cU^ . 3.1.1
o »
Suppose now for simplicity that all the particles in the beam 
have the same mass ra and velocity v. Then, for large values 
of the distance r from the origin, the asymptotic form of
the scattering wave function is
» » -,
sr 3.1.2
where #k = mv and ) is the scattering amplitude. Now
14-9
since the current density is given by
< 1 - 3 -  ^  ^ >1^ ) 3.1.3
it follows that the flux density of the incident particles is 
V |a |^ , and hence A = (n/v )^. Then the leading term of the 
radial flux density of the scattered particles is given by
SO that I -= \f-l6) 4)) . 3.1.5
Suppose now the particles to be scattered by a spherically 
symmetric potential V(r), then the wave function ^  Cc) satis­
fies the Schrttdinger equation
- V -  Q l - t  +  V C O v i  -  C Î  3 . 1 . 5
2 2where E = H k /2m is the energy of the particles. We express 
this equation in atomic units in the form
[ 9 ^ -  ^  ] q  = o  3.1.7
2where k is the energy of the particles in Rydbergs. The 
asymptotic form of ^  is then for an incident flux density 
of magnitude v
% &
ÇC'C.'i ^  e ^ 1  ^  . 3.1.7a
We can expand the scattering function t i n  the form
0»
^  3 .1.8
t's-O
and substitute in (3.1.7) to obtain the radial equation 
for
IS'O
cL*‘^ e  -t- ( ]  «t>« — o
T7». ^ <-v  J e- 'J}^ % ' 3.1.9
subject to the boundary conditions 
to'i =. o
<Pz (.•r'i ^  U" ' Svvv (^ler -  1/  Ic ,  +  Sjj^  ') ^ ^
*r oo ^
where S ^  is the € *th order phase shift. If we further
expcinct the scattering amplitude in the form
oo
f - "E c . P. Cccr^  e) 5.1.11
tx.V> ^
and use the formula
P^Loira©')  ^ 5.1.12
— vVt f"
then hy equating coefficients of and e in (5.1.8)
we have
C(, -L t jr 5.1.15
^ .zcw.
Thus the scattering amplitude is
= i_ s  sC^'&Q. ?& furbGCl j 5.1.14
k  ^
and hence the total elastic scattering cross section may be
written in the form
Qc. S  <9 e
where . 5.1.15
Suppose we consider now the functions 
solutions of the zeroth order partial wave radial equation
151
2 2
obtained from (3.1*9) for two distinct energies , kg .
It then follows that
I - 0%^^ - 4».^  cLr 3.1.16
O o
where primes denote derivatives with respect to r and the
upper limit R is arbitrary. Introducing the comparison
function ( r )  , which represents the asymptotic behaviour
of t r) for large r,
sCvA S,) , 3.1.17
where is the zeroth order phase shift at energy we
can choose the normalising factor so that , that is
• 3.1.18
For the functions (r) , a relation analagous to
(3.1.16) will hold:
-  "4-, 4-^ ) =  j 3.1.19
O 0
Now let R be chosen so that for r ^  R takes its
asymptotic form, and subtract (3*1.16) from (3.1.19); we can 
express the result in the form
1 = 5.1.20
TS. o "
that is ^
Sj.-WvCotS, - . 5.1.21
Suppose now k^ — > 0 and define the scattering length a to
152
be such that
liw» = -'/a. • 3.1.22
ftv4>0 ^
VOThen (3.1.21) gives 
fej.wstSv’^ ”'4, ICMroMi-a, - dx 3.1.23
o
where we have used subscripts zero for zero energy. Nowi(/
differ only inside the range of the central potential V(r).
2
If we suppose this to be short range d, then for small kg 
we can write
I x o  t  5.1.24
^  o o
where r^ is a constant, commonly called the effective range.
2We then have for small values of k the effective range 
expansion for the zero order phase shifts
Wco-t 5.1.25
which is correct to second order in k. It then follows from 
the definition of the scattering length that in the limit of 
vanishing energy the zero order partial cross section is 
given by
luw 2. ArvL ) 3*1 *25
In general the scattering length a is finite and 
hence it follows that vi TC as k —> 0 where n. is an
integer. For the Jt*th order partial wave it can be shown
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that (5 .1 .25) generalises to the form
CTt h  5-1-27
2
where o^^ jt are independent of k , and hence the J0,*th 
order partial cross section G?jg vanishes in the limit of 
zero energy. (cf. Moiseiwitsch (1962).)
The above analysis on the effective range expansion 
(3 .1 .25) is due to Bethe (194-9) and is only valid for short 
range potentials. Introduction of, for example, the 
polarisation potential of asymptotic form cx/r^ leads to 
the effective range formula discussed by Spruch et al. (I960), 
O'Malley et al. (1961), (see Chapter 1).
The elastic scattering of slow electrons by 
atomic hydrogen
The simplest case of collisions between electrons 
and atoms is that involving atomic hydrogen. The early work, 
(for example Chandrasekhar and Breen (194-6)), considered the 
elastic scattering of electrons of zero angular momentum by 
the static central field V^oCO of a hydrogen atom in the Is 
state. The numerical integration of the resulting equation 
given by (3.1.9) for £ = 0 gave phase shifts which were
in excellent agreement with later (non-exchange) results of 
Massey & Moiseiwitsch (1951) using the Huithen and Kohn 
variational procedures. The scattering length was calculated
by Seaton (1957) to be -9.4-4 resulting in a zero energy
2
elastic scattering cross section of 356 TC a^ . This type of 
procedure however does not distinguish between the singlet 
and triplet states of the total system (H , nor does
it allow for electron exchange. If then r^, rg are the 
position vectors, referred to the nucleus, of the incident 
and atomic electrons, then the Schrttdinger equation for the 
system is given, after separating out the centre of
mass motion, by
(Cntl) - G  . 5.2.1
Here E(a.u.) is the total energy of the system, that is
2 E -  5.2.2
2
where k Ry is the energy of the incident electron, and
V
^  (r^, rg) are the singlet and triplet scattering
functions respectively, with
CCn'C;.) - t  Cct, C\) - 5.2.5
If we expand (r^, rg) in the form
where 'V'Cc) is the ground state wave function for the
hydrogen atom, and
^ L  16, tr) ^  5.2.5
p  t  ""v k  ' & ( k r -  -(c. •'7 ^ ^  ^
5.2.4
1ST
then the total elastic scattering cross section is given,
(Mott and Massey (1949)), by
(Ç - ^  ), ) 5 .2.6
Extensive calculations using this type of formulation were 
performed by Bransden et al. (1958) using the Hulthen and 
Kohn variational procedures for the zeroth order wave 
functions. Their results for the phase shifts were in good 
agreement with the exchange results of Massey and Moiseiwitsch 
(1951) at most energies. The phase shifts were also calcula­
ted in the exchange correlation approximation, and were 
slightly higher in the symmetric case, though little different 
in the antisymmetric case, from the exchange results. The 
p-wave phase shifts were obtained using the Hulthen and Kohn 
methods, including an estimate of polarisation effects. The 
resulting total elastic scattering cross section obtained 
using the exchange correlation 8-phase shifts is shown in 
fig. 3*1 and is in reasonable agreement with the experimen­
tal curve of Brackmann et al. (1958); it is observed that 
the introduction of exchange reduces the threshold value of 
the cross section by about a factor of 6. The exchange 
results of John (1960b) are slightly higher than those of 
Bransden et al. at lov/ energies, having a threshold value of
p
82.1 TDC-Eq • Also shown in fig. 5.1 are the theoretical 
results of Temkin and Lamkin (1961) using the method of
Fl<â 3 1
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polarised orbitals for the first three partial waves. These 
are in somewhat better agreement with the experimental 
values and also with the lately published results of Sloan 
(1964-) in the same type of formulation. Recently, however, 
Neynaber et al. (1961) have suggested a slightly smaller 
experimental elastic scattering cross section, (see below). 
Lately a great deal of interest in the elastic scattering 
of slow electrons by hydrogen atoms has resulted through the 
use of the close coupling approximation, (see for example 
Smith & Burke (1961), Smith et al. (1962), Burke & Schey 
(1962), Burke and Smith (1962), Burke and Smith (1964-)).
The basic assumption of this method is that the total wave 
function can be expanded in the antisymmetrised form
where, in the notation of Percival and Seaton (1957) i the 
representation is l a b e l l e d  ? = , and is
diagonal in the total orbital angular momentum L and total 
spin S of the system, are the principal and orbital
angular momentum quantum numbers of the atomic electron, 
are the orbital angular momentum and wave number of the 
scattered electron, and the sum over P in (5.2.7) should 
strictly include the continuum states of the hydrogen atom; 
the standard procedure is however only to include the first
5%
few discrete states. The exact function ^  satisfies the 
Hulthen-Kohn variational principle written in the form
5.2.8
v/here, writing P explicitly as LS V ' , the boundary
conditions are
F v ' t  Svv K)
5.2.9a
for all channels v ' which are open, and
O  5.2.9b
for all channels that are closed, while for all channels
Fv* (y i^) - O  . 5.2.9c
(The argument V in ( W  and /'V refers to the
— ^ g
quantum numbers and denotes the one channel in
in which there is a component J , in addition
to the term present in aTl open channels.)
Equation (5.2.8), subject to the boundary conditions (5.2.9), 
leads to the set of coupled integro-differential equations 
first derived by Percival and Seaton (1957)
Lî>z' '>•<^'^•*‘-1] pj-V) -- JF^'rV). 5.2.10
We shall refer to Burke & Schey (1962) for explicit defini­
tions of the and . (These are given in the one
channel case in §5, Chapter 2.)
(S9
The method adopted for evaluating the phase shifts, 
and hence the elastic scattering cross section, is to compare 
the behaviour of the asymptotic form of the wave function in 
the Is channel with a linear combination of regular and 
irregular Bessel functions. This gives the phase shift 
modulo 7C. Owing to ambiguities in the wave function, associa­
ted with the possibility of adding on an arbitrary amount of 
bound state wave function, it is not possible to count the 
number of -modes of the wave function to obtain an absolute 
value for the phase shift. Clearly a method of defining an 
absolute phase shift is required. Rosenberg and Spruch (1961) 
suggest comparison of
'I  ^ 3.2.11
•^0
with the appropriate Bessel function, where r^ is the dis­
tance of the (continuum) electron from the atom, ^  is the
ground state wave function for the atom, ^  is the full 
scattering function, and is the spin function for the
electron. If the continuum electron has zero angular 
momentum then, for large values of r^ ,^
^  c 3.2.12
X  Vi->oo —
V
so that
a ) -V (Otrwsb) S VYI ( ) :z o i 7.
rc-^oo 5 .2.15
which guarantees that modulo TC as defined by (5.2.11)
(oO
is correct. Equation (3.2.11) leads to absolute values of 
the zeroth order phase shifts for electron hydrogen scatter­
ing which have a limit of TT at zero energies; this is in 
accordance with earlier calculations.
Burke and Schey (1962) solved equations (3.2.10)
including the Is, 2s, 2p discrete states of hydrogen, and
evaluated the singlet and triplet phase shifts for the low
angular momentum states L = 0,1,2,3. Resonances were
discovered in nearly all the states considered and were shown
up through rapid variations in the phase shifts. These were
attributed at energies just less than 0.75 Ry to virtual
decaying states. (Here the direct process is Is — > Is while
the second order process is, for example, Is — > 2s —^ Is,
2and since the 2s state is virtual as k^ <  0.75 Ry, it shows 
up as a resonance.) To discuss the effect of slowly decaying 
states, we consider for simplicity an electron of angular 
momentum zero in the field of a spherical potential well,
3.2.14
^  O  r > R. *
For r < R the radial wave function can be represen­
ted by
Y  ' - 1 CC S K r  J K ^  3 5.2.15
^ r
while for r > R we let the wave function represent outgoing 
waves only
\h\
%  - 1 6. • Vi*-- 3.2.16
<
Continuity of the logarithmic derivative at R = r gives
k-tyOt U.A =. 3.2.17
so that since R is real, k, K must be complex, and hence E 
is complex. We write then
E  = 3.2.18
where E^ is the resonance energy. The total wave function is 
so that t 0  ^
and hence the probability of decay per unit time is
t o  %  r y ^  • p  >  O  . 5 .2.20
For scattering of electrons of angular momentum C the 
radial part of the wave function in the open channel has the 
asymptotic form
V   ^ 3.2.21
- vkjT . M . —  vk,,
or ' ' '
3.2.22
where the coefficients are complex functions of the
(complex) energy B. We require that
A ^ C t e r - V * ^ ) -  3.2.23
fc2L
so that only outgoing waves remain. Near E w e  
can expand in a Taylor series, and compare the asymp­
totic form of Ir") provided by (5.2.22) with (5.2.21),
to obtain
e^. - — f —   ^ 3.2.24
^ 2.(€-er)
where (o) is slowly varying.
Thus in the neighbourhood of a resonance the phase 
shift is composed of a slowly varying part ,
and a rapidly varying term . , which changes by
TC in  the range  ^ £ -  è . P  is known as the half
width of the resonance and is usually less than 0.1 eV. It 
is clear that the physical effect of a resonance is a sudden 
sharp decrease then increase in the elastic scattering cross 
section.
Burke and Schey (1962) discuss clearly the
resonances, in the total configuration states of electron-
hydrogen scattering, that they find in the ls-2s-2p close
coupling approximation, both with and without the inclusion
2
of electron exchange, just above k = 0.65 Hy. It is seen 
from fig. 5.2a that the tendency is for the phase shifts to 
begin to turn upwards about 0.65 Hy, and then to jump 
suddenly through TC, (see fig. 5.2b), flattening off before 
the first excitation threshold. As is not unreasonable, the 
convergence of the coupled equations was radically affected
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by this sudden variation in the phase shift, but Burke and 
Schey were able to obtain the values P = 0.109 eV,
= 9.61 eV for the ^S resonance, the non-exchange resonance 
being narrower and at a slightly higher energy. Fig. 3.3 
shows the total elastic scattering cross section obtained by 
Burke and Schey including the first four angular momentum 
states, together with the close coupling approximations of 
Smith (I960), McSachran and Fraser (I960), and the experimen­
tal results of Neynaber et al. (1961). Slightly better 
results have been obtained with the inclusion of the 3s, 3p 
bound states, (Burke and Smith (1964)). The S resonance* is 
indicated by the behaviour of the elastic scattering cross 
section (2) in the region of 0.71 Ry. Further resonances 
below the first excitation threshold have since been 
discovered, namely
(i) ^S resonance at 1.75 eV width < 0.01 eV,
(ii) resonance at 9#76 eV width 0.009 eV,
(iii) ^P resonance at 2.5 eV, (Burke and Smith (1964)), and
(iv) ^S resonance at 10.15 eV, (distinct from (i)),
(Temkin and Pohle (1963)).
The resonances (i) and (iii) are of interest as they are so 
far removed from the excitation threshold and are hence 
probably caused by a different mechanism from those dis­
cussed previously.
The elastic scattering of electrons by atoms more
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complex than hydrogen has not been considered in such great 
detail. For Helium the non-exchange central field results 
of Moiseiwitsch (1953) for the zeroth order partial cross 
section agree well with the corresponding results of Malik 
and Trefftz (1961) using the Hulthen variational principle.
The effects of exchange (Moiseiwitsch (1961)) reduce the 
threshold cross section from 111 to 8.52 lHa^ . The 
polarisation-exchange results of La Bahn and Callaway (1964) 
for the elastic scattering cross section are shown in fig.
5 •4a, together with the early exchange results of Morse and 
Allis (1953)1 those of Moiseiwitsch (1961), and the experi­
mental points of Normand (1930) and Ramsauer and Kollath 
(1932). This cross section has also been investigated by 
Marriott (1964) in the close coupling approximation above 
the first excitation threshold of Helium. His results includ­
ing the first three partial waves lie slightly lower than 
those of Morse and Allis (1933) for energies just greater 
than 20 eV. Lately the experimental crossed beam experiments 
of Schulz (1964) indicated a resonance at 19#3 + 0.1 eV, but 
this has not yet been investigated theoretically.
The only other elastic scattering cross section which 
has been studied in any detail is that of elastic scattering 
of electrons by Oxygen atoms, and much of this work has been 
restricted to the zeroth order partial waves. The most 
recent discussion is that by Bauer and Browne (1964), who
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modified the Hartree Fock equations derived by Seaton (1955) 
by neglecting excitation of the core system and replacing the 
actual potentials by effective potentials. Results for the 
elastic scattering of electrons by Oxygen atoms are shown in 
fig. $.4; it is seen that those of Bauer and Browne 
including the first three partial waves are about 50% higher 
than those of experiment, (Lin and Kivel (1959), Neynaber 
et al. (1961)).
§5• The elastic scattering of slow electrons by 
carbon atoms
We shall study the elastic scattering of slow
electrons by carbon atoms in the static central field
exchange approximation. The total configurations arising for
2
an electron of angular momentum i and energy k Ry in the 
field of C(^P) are
C c O P )  j 1 Lf j
depending on whether the continuum electron has spin parallel 
or antiparallel to that of the core 2p electrons. We shall 
discuss each value of 2 individually.
(i) (, = 0.
4p
We have already obtained in Chapter 2 solutions P p (r)
k ,0
of the static central field exchange radial equations for an
•Yt>
X  = 0 electron in the field of C(^P) in the ^P state. If
we compare these solutions with the function (W.r-t
at large r, then we obtain immediately the phase shifts
modulo TT. We cannot however obtain absolute values of the
phase shifts in this manner, due to the remarks in §2, and,
since we do not explicitly allow for electron exchange in
the manner of the close coupled approximation, the application
of equation (3.2.11) is essentially meaningless as a method of
obtaining these absolute values. Since, in the normalisation
of our orthogonal functions P p (r), we choose the normalisa-
k"^ ,0
tion parameters C to be such that all solutions have the same
sign at r = +0, we shall for the present consider absolute
value of the S-v/ave phase shifts to be such that these tend
to zero at zero energy. In this manner we obtain the S-wave
_  4p
phase shifts given in table.5 -I* We see that these
vary quite smoothly through -7^2, and tend at high energies < 
to -W. (We note that, if we consider at high energies the 
electron essentially does not experience the short range 
potential of the atom, then the phase shifts should tend to
p
zero as k -s> oo . This leads to a value of tC for the 5-wave 
phase shifts at zero energy, in accordance with the value 
taken by Malik and Trefftz (1961), and indicates immediately 
the existence of a bound state of C” , (Weiss (1932), Swan
(1955)).
TABLE 5.1.
QUARTET AND DOUBLET 8-WAVE PHASE SHIFTS FOR ELASTIC 
SCATTERING OF SLOW ELECTRONS BY CARBON ATOMS IN THE 
STATIC CENTRAL FIELD EXCHANGE APPROXIMATION.
Ry K
0.02 -0.27 -0.19
0.04- -0.59 —0.50
0.06 -0.4-8 -0.4-1
0.08 -0.56 -0.52
0.10 -0.65 -0.62
0.30 -1.15 -1.18
0.50 -1.4-6 -1.4-9
0.65 -1.55 -
0.67 -1.55 —
0.69 -1.57 —
0.70 -1.58 -1.59
0.90 -1.72 -1.72
1.10 -1.80 —1.80
2.10 -2.27 -2.27
5.10 -2.54- -2 .54-
H Z
u)
l/l
<
X
CL
Ul
>
<
)
I
\n
ü\ 
M
o
\r
U)
i l
3 
0 
A
00
2
0
ü
J H
2
U)
o
k
<
k
(0
A
Z
<
I-
Ül
k
<3
0
a
Ul
" z
o
pul <
K)
%
20
k
a
1
/o
a
a.
û-
<
H
a
»/l d;
O
a
a  uj
u)
»9
1
<
I
o
X
(■pioj; q 3 S " W M c i
\
1^3
The static central field exchange radial equation
2 4for the P state differs from that for the P state given in
Chapter 2 only in that the exchange term - kS: )
I'T ^
is replaced by %  Y^  (r ) , and was solved in a
S'T '
precisely similar manner to that for the ^P state, following 
the same process to obtain the properly normalised radial
2p 2
functions P ^ (r). The P phase shifts are also shown in
k^,0
table $.1; it is seen that the differences between the 
doublet and quartet phase shifts are very slight, except for
£ 0.08, and that for k^ > 0.08 So^ and ^ are in
agreement in general to better than 2%. The S-wave phase
shifts are shown in fig. $.$, while in fig. 5.6 we plot fecobS, 
2against k , and use the effective range expansion discussed 
in §1,
- - y», ' " o 3.5.5
to obtain the extrapolated values of the quartet and doublet 
scattering lengths. We find
b GLçj
r " .  Il'
The zeroth order partial wave cross section is given in this 
case by = <25; C - v  1 (o^^)
while
Ï U-Ofe (TTAp*-) .
3 .5.5
Pig. 5*7 shows the zeroth order partial cross section
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Q^(k ) as a function of k , together with the corresponding
cross section assuming quartet scattering only, the results
of Malik and Trefftz (1961), and those of Cooper and Martin
(1962). The effects of exchange or polarisation reduce the
cross section at low energies by about a factor of 6, and
our values are in good agreement with those of Malik and
Trefftz for k^ > 1.5 Ry. The results of this work have been
published (Myerscough and McDowell (1964 c,d)).
The situation for A 1 is far more complex. For
example if the initial total configuration for £ = 1 is
2 2
then the electron may be elastically scattered into D , P,
2 % 
or even S states without electron exchange with the C(^p)
core. Clearly this type of problem should be treated in the
many channel approach of Percival and Seaton (1957)» Exchange
of an incident p-electron with a core 2p electron is inelastic
2by at least 1.26 eV, so that for k < 0.1 this is a second 
order effect, and thus the doublet phase shifts should 
approximate to their non-exchange (Hartree) values; (see for 
example Cooper and Martin (1962)). For £ = 2 however, we
saw that the effects of exchange in the static central field 
approximation were only important at low energies, while,
(see below), for 5 these are negligible. Hence for
t  ^  2 the quartet and doublet phase shifts are approximately 
equal, as in the case £ = 0. We shall not therefore attempt
a many channel approach, but consider for 1 the radial
equations for P - (r) to be given by the static central
field exchange approximation for the configurationfC £j W
The partial cross sections will then be
(3?^  ) 5.5.6
where we expect these to be probably less than 5% inaccurate 
for 2. For £ = 1 we shall see that the phase shifts
p  p
^1 (k ) are small for k < 0.1, (slightly different from
the non-exchange values of Cooper and Martin), so that
2 2 Q^(k ) as given by (5.5*6) for k < 0.1 is a reasonable
2
estimate of its actual value. For k > 0.1 however, we may
2
be overestimating Q^(k ) by as much as 50^h
(ii) 2 = 1 .
The configuration [ C(^P)k^l] leads to the radial static 
central field exchange equation for P p (r)
5 .5.7
where
+ 1  M  - t V v . d f X f  )
3 .5.8
in the notation of Chapter 2. Equation (5.5*8) was solved in
Y2
a precisely similar manner to (2.4.1) for A. = 0; the equation
-s. Pa,p C f-)
where u fe'V*. 5-^  ^( ^ ) 5-5.9
together with the convergent solution of
' - . P c
where *v
P —  Pc -V- Xc w,
90
- - f P: P&p / f  W. Pj.p dr
Pc ^  fe •'z (ter -Vg-5. +-<t,c )
o
5 .5.10
being equivalent to (5.5*7). The final normalised solution 
of (5 .5 .7) is then
^ l?c C
W  (kr-y. V. V S.)
5 .5.11
where C ~  ± ^ ZX - c<ra 5.5.12
the sign of 0 being chosen, as before, so that all solutions
P p (r) have the same sign at r = +0. Convergence of 
k A
(5 .5 .10) was much faster than in the s-wave case and usually 
took less than 15 iterations, even for low energies.
From equation (5*5.11) it is clear that the phase 
shifts S / k  ) are given by
S, c  ^Si/U ((), ? 5 .5.15
C9  ^ .V- \ i  cos «fcl J
where for example A/) ^ , is obtained from
IYS>
•hsU/. -s. — G %  3.J.14
-Swskn, —  c<n>(kO/kro
being a zero of the computed solution P^(r) lying (approxi­
mately) between r = 20 and r = 40. It is seen that, under 
certain conditions, as given by (3.3 .15) may take the
values -*^ 2. and 4rlC/2 within a very small range of energies, 
if the function fcertk^ ,j^  ^ \ius^ ^  \  ^ passes through a zero.
For k^ <  0.55 Ry the phase shifts S, (k^) decrease 
smoothly with increasing energy, and while £ , is less than 
close to threshold, it is similar in value to for
the remainder of this energy range. The anomalous behaviour 
of Sj above k = 0.55 Ry is shown in figure 5.8 and appears 
to be of resonance form; for the purposes of this chapter we 
shall refer to this behaviour as. a "resonance". We were al3e 
to evaluate the phase shifts £ ^ (k ) at energies
0.50 (0.02) 0.58 Ry using equations (5.5*15) and (5*5*14),
2
but for 0.60 é k è  0#62 we could not obtain convergence of
(5 .5 *10) for P^(r) and thus we were unable to approach any
closer in to study the phase shift in further detail in this
2region. For k > 0.62 convergence of (5 *5.10) resujned its 
normal number of iterations and the phase shifts S,(k ) 
decrease rapidly from after passing through the
"resonance", having a second (non resonant) zero at 
k = 0.71 Ry* The subsidiary phase shifts  ^ as defined
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by equations (3.3 •10), (3.5.9) are shown in fig. 5.9, v/hile 
the parameters X ^  are given in figure 5.10. It is clear
from these that our solutions P p (r) appear to be well
2 2 behaved functions of k throughout the region 0.50 < k <  0.90,
except in the immediate neighbourhood of the "resonance".
Since we were unable to calculate exactly between 0.6
and 0.62 Ry we could not make a detailed study of the rapidly
varying part
■=. ------- T —  3.5.15
as defined by (5.2.24-) and obtain the half width P and
"resonance" energy by the usual method of considering the 
behaviour of
0^ % ( G  E  r )/ ^  n 3.3.16
as a function of E (Burke and Smith (1964)). We can only
infer that the computed values of the phase shifts (k^)
and the lack of convergence of (5.3*10) in the neighbourhood 
2of k = 0.6 Ry indicate a "resonance" in this approximation 
at about 0.605 Ry, (8.21 eV) with a half width V less than
p
0.01 Ry. The values of the phase shifts S, (k ) are given in 
table 5.2, and the anomalous behaviour of the partial cross 
section
(3?, S, 5.3.16
h»-
is shown in fig. 3.11, indicating the "resonance" at 0.605 Ry 
and the Ramsauer minimum at 0.71 Ry.
TABLE 5 . 2
P-WAVE PHASE SHIFTS FOR ELASTIC SCATTERING OF ELECTRONS 
BY CARBON IN THE STATIC CENTRAL FIELD EXCHANGE APPROXIMA' 
TION, CONFIGURATION [ C(^P) k^p3^S.
Ry S', (rad)
0.02 -0.04-
0.04 -0 .08
0.06 -0.15
0.08 -0.19
0.10 -0.25
0.50 -0.90
0.50 -1.40
0.52 -1.44
0.54 -1.48
0.56 -I.5I8
0.58 -1.545
0.60 -1.568*
0.62 1.55 *
0.64 0.98
0.66 0.66
0.68 0.40
0.70 0.15
0.72 -0.10
0.75 -0.44
0.90 -0.78
1.10 - 0.86
2.10 - 1.10
5.10 -1.56
3€ extrapolated values
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2
Since the behaviour of S, (k ) does not appear to 
correspond to a resonance in the sense of Burke and Schey 
(1962), we considered the possibility of this “resonance” 
being associated with the formation of a virtual negative ion
P [t
of carbon in the C,(2p) (5p)] S state, by studying the
energies at which this state occurs in the isoelectronic 
sequence NI, Oil, Fill. The values of the energies for this 
state, taken above the ground (2p)^ state are (Moore 
(194-9)):
NI ' 0.8821 Ry
o n  1.95^3 Ry 3 .3.17
Fin 3.2593 Ry
and the use of a Glockler type extrapolation formula, (see
Chapter 1),
£  =. + / Ü  t- y  3 .3 .18
with oL = 0.1314-, = -O.9I8 8 , ^  = 0.8751
yielded for C~ the energy of the [ (2p)^ (3p)l^S state to
Ll
be 0.095 Ry above the ground S state. The fact that the
binding energy of C ’C^S) is 0.09215 Ry, and the doubt as to
2
whether even the D state of the ground configuration is 
bound seems to indicate that this value is an underestimate.. 
We therefore suggest that the “resonance" at 0.605 Ry^  is more 
likely to be associated with the lowest state (2p 3s) 
of the first excited configuration of Carbon, lying 0.55 Ry 
above the ground state. We would expect that if the resonance
«r
persisted in a many channel approximation it would shift to
lower energies, (cf. Temkin and Pohle (1963)). Since we do
%
not have any contribution from this ^P state in our total' o
wave function we expect our results to be unreliable in the 
energy range 0.55 - 0.65 Ry. It is intended in the near 
future to study this problem further, firstly using a non­
iterative one channel approximation, (see for example 
Marriott (1958)), and secondly in the close coupling approxi* 
mation, in order to attempt to resolve these anoraolies.
(iii) Jt? 2.
The static central field exchange equation for the radial
functions P p (r) in the configuration [C(^P) k^2 ] ^P has 
k"^ ,2
been discussed in Chapter 2. We found the exchange terms to
2
have negligible effect for k > 0.1 Ry so for £ 3 we
adopt the equations for P ^ the configuration
Cc(5p)
3.3.19
where if
3.3.20
then
3.3.21
where = 2/25, = 1/14-, = I/15, = 7 / H O , the
exchange terms being completely negligible. The initial
2
method used for obtaining the phase shifts (k ) for
K ^  2 was to evaluate solutions of the relevant differential 
equations for P p (r) and fit these at very large values of
k ,  &  ,\j
r to their asymptotic form, te- ^ qlw (t e r - g ^  ) . This 
approach gave consistent results, (Myerscough and McDowell 
(1964, c)), and appeared to indicate that the phase shifts 
remained comparatively large for 4 Y • It was however 
pointed out to us by Seaton (1964) that the central 
potential of an atom tends to zero exponentially for r >> ?,
where r is the mean radius. If an electron of angular 
momentum 6 collides with an atom then the distance of 
closest approach is approximately
\  I? 3.3.22
and hence if rj^  > > "r it is expected that the scattering 
phase shifts will be small, (Mott and Massey (1949)). The 
Born approximation to the phase shift is then
s  Y   ^(kr) ] ^ r  3.3.25
o ^
where
^  3.3.24
and the Bessel functions involved in (5.3.25) are small for 
r < r ^  , so that if r > > r one may use the approxima-
l%3
tion
r^ 5 .5.25
y-3
in (5.5 .25), to obtain
- k  5.5.26
an expression derived by Seaton (1964). If we substitute
2
the value of r then (3.3.26) gives phase shifts for elastic 
scattering of electrons by Carbon atoms about a factor of
six less than those originally obtained by us for ^ ^ 3*
Intensive investigation at this point into the programs for 
the solution of (3.5.19) revealed that at very large values
of r, (r > 80), internal divergencies in the solution were
causing the computed values to be slightly in error. We 
therefore calculated the solution only to intermediate
values of r, (r &  50). In this case we could not use the
asymptotic form for the wave functions, k- )
to obtain the phase shifts; instead we used the intermediate
form, (John (1964)), as for 2 = 1 :
 ^ 5.5 .i
A ( kr) S j _ I .  Cter) S UVN
27
where
The phase shifts obtained by this method, (Myerscough and
90
TABLE 5.3
PHASE SHIFTS S £ (k^) FOR ELASTIC SCATTERING OF SLOW 
ELECTRONS BY CARBON ATOMS; Z = 2,5.
0.02 0.015 0.0126 0.0179 0.01
0.04 0.025 0.0184 0.0253 0.02
0.06 0.031 0.0228 0.0310 0.028
0.08 0.038 0.0300 0.0358 0.056
0.10 0.045 0.0361 0.0401 0.044
0.50 0.078 0.0570 0.0694 0.12
0.50 0.115 , 0.0820 0.0896 0.18
0.70 0.149 0.1074 0.1060 0.25
0.90 0.185 0.1327 0.1202 0.28
1.10 0.221 0.1576 0.1328 0.52
0.02 .0.0060 0.0060 0.0072
0.04 0.0090 0.0091 0.0101
0.06 0.0117 0.0112 0.0124
0.08 0.0155 0.0130 0.0145
0.10 0.0155 0.0146 0.0160
0.50 0.0277 0.0258 0.0277
0.50 0.0573 0.0346 0.0558
0.70 0.0470 0.0429 0.0424
0.90 0.0569 0.0514 0.0481
1.10 0.0661 0.0601 0.0551
(1) Static central field exchange approximation
(2) Born approximation
(3) Seaton’s approximation
(4) Previously reported values
19)
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McDowell (19644)), for 2 =2,3 are given in table 3*3i 
together with the results from the full Born approximation 
(5-3*23) and the formula (3#3#26) of Seaton. It is seen that 
for & = 3 the three methods are in good internal agreement, 
and hence we shall consider for 6 > 3 that the phase shifts 
S ^  (k ) are effectively zero. (The differences between 
S and S for small are attributed to the
slightly smaller coefficient of r in our potential as 
compared with Seaton*s.)
The total cross section (k ) for elastic 
scattering of slow electrons by Carbon atoms in the static 
central field exchange approximation is shown in fig. 3*12:
-t- ±  S  + 2-9
2
It is seen that for k < 0 . 2  the dominant contribution to (
the cross section comes from the zeroth order partial wave,
2
but for k >0.2, even if the first order partial cross 
section is overestimated by 30%^ it is the p-wave which 
dominates, except in the region of the ’’resonance" at 0.605 Ry 
and the Ramsauer minimum at 0.71 Ry#
195
CHAPTER 4 . THE EREE FREE ABSORPTION COEFFICIENTS OP C
§1. Expressions for the absorption coefficient.
We consider continuum electrons in the field of a 
single carbon atom in the ground state. If there is one 
electron per unit volume then the cross section for the 
process
k v  +  c0ec^) +  CC^P) — >  C C ^ P )  4.1.1
2in which an electron of energy Ry absorbs a quantum of 
energy
kv •=. R y  4.1.2
at wavelength
\  =  9 M  2 y / ® A  4.1.5
is given in the separable orbital approximation, (Gaunt (1930), 
Chandrasekhar & Breen (194-6), Norman (1963)), by
Û.W’-) = g- ^  AW*-),
 ^ Wo i ■*-
4-.1.4
Here we have expressed the total wave function, as in
Chapter 2, as an antisymmetrised product of the one electron
wave functions for C(^P), together with the continuum function
%  4.1.5
i *
2
the radial functions P o (r) for an electron of energy k
«34
and angular momentum Z being normalised according to
PLz « CO ^  k  (le.r- +  4.1.6
^ r->oo *"
where is the & 'th order phase shift. The matrix
2 2elements M^(k^ , A  k ) are then given by
4.1.7
where
?
0 ^ 1 , \ k A A )  ^  i > V  ^ 4.1.8
Q  ^  ^i ^
and we have expressed these in the (D.L.) formulation.
In order to obtain the total free free absorption 
coefficient at wavelength X  we assume a Maxi'fellian distri­
bution of electrons at temperature and average
C7^ (k^^,A k^) over all initial k^^ for fixed A  k^ with the 
weight function
- A  ko ^  ^  * 4.1.9
where is Boltzmann's constant (1.38 x 10"”^ ^ ergs/degree) 
and is the frequency of electrons of energy k^^. Writing
^  - S'OA'O / T  4.1.10
we find
= si’ S a G f e o  4.1.11
2
so that the weight function f(k^ ) normalised to unity is
4.1.12
1^ 5"
It is convenient to express the free free absorption 
coefficient per unit electron pressure. Since the electron 
pressure is connected to the electron density by
U.T 4.1.15
it follows that, combining (4.1.4), (4.1.12) and (4.1.15), 
the free free absorption coefficient at wavelength X per 
unit electron pressure per carbon atom is given, after 
averaging over a Maxwellian distribution, by (CT ^ ,where
«  (v-) = M
! oly 4.1.14
In order to obtain the total absorption coefficient per unit 
electron pressure per carbon atom due to both bound free and 
free free transitions we require to know the number of C” 
ions per unit electron pressure per carbon atom in local 
thermodynamic equilibrium at temperature T*® K  . We use 
Saha's equation in the form, (Allen (1965)),
^  WzÇcO , %  Z ^ 4.1.15
vaCc " )
where u(C), u(C"") are respectively the relevant partition 
functions tabled by Allen (1963), in our case these are 9 
and 4, and I is the ionisation potential of C“ . Hence the 
number of C"" ions per unit electron pressure per carbon atom is
^ Cc*") - t X 10 C-¥v\^ /du^ VsJL 4.1.16
and thus, if the bound free absorption coefficient of at
2
wavelength X  is (C) (cm ), it follows that the total
absorption coefficient k (C“) at wavelength \  per unit
A»
electron pressure per carbon atom is given by
k Cc-) = ( %  I D - e  ^ ^  CD-)]
^ ,, 4-/4
' 4.1.17
where we have included the stimulated emission factor which 
is of considerable importance in the infrared.
g2. Discussion of the formulation
The most complete early work on the total absorption
coefficient for negative ions was that of Chandrasekhar and
Breen (1946) who evaluated the total absorption coefficient
for H~ per unit electron pressure per H atom. The authors
adopted the expression (4.1.4) for the free free cross
section, expressing the matrix elements in (D.A.) form and
including only the first term in the summation over Z . Bor
the radial function P p (r) they used the solution of the
k ,0
Hartree equation for an s-electron in the field of a 
hydrogen atom, while for the p-electron they adopted a plane 
wave. Their results for the total absorption coefficient, 
including stimulated emission and the bound free contribution 
from improved estimates, (Chandrasekhar (1958)), are shown 
for T = 6 5 0 0 in fig. 4.1. As is well known however, the
\9y
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system H(ls) + €/ may exist in both singlet and triplet 
states, corresponding to the continuum electron having spin 
antiparallel or parallel to that of the bound electron
g o
respectively. The matrix elements (k^ , ; r; , 6-1)
involved in the one-electron separable orbital approximation 
expression for the cross section (4.1.4-) must therefore be 
modified to take account of electron exchange. In fact we 
may write
I t  , t - l  t - l  ||.
4.2.1
where the suffices t,s correspond to the matrix elements 
derived from the radial functions for the triplet and singlet 
states respectively. Ohmura and Ohmura (i960) approximated 
to these matrix elements for £. = 1 by using the asymptotic 
form of the radial functions for the s-wave and a plane 
p-wave, and obtaining the singlet and triplet s-wave phase 
shifts from the work of Bransden et al. (1958). Their final 
results for the total absorption coefficient of H“ per unit 
electron pressure per H atom, including stimulated emission 
and the bound free contribution estimated by Chandrasekhar 
(1958), are also shown in fig. 4.1 for T = 6500^K. It is 
seen that the results in this approximation lie about 40$ 
lower than those of Chandrasekhar and Breen (1946) at long 
wavelengths. More recently John (1964) has calculated the
93
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free free cross section (4.1.4) for H*” including the terms 
i/ = 1,2,5, writing the matrix elements in the form (4.2.1) 
and using the exchange approximation, (see John (1960b)), for 
the singlet and triplet radial functions. The free free 
absorption coefficient per unit electron pressure per H atom, 
after allowing for stimulated emission, differed from that 
obtained by Chandrasekhar and Breen (1946) by 50-^ l-0$ at 
solar temperatures (see fig. 4.2). Geltman (1964) suggests 
a slight error in John’s matrix elements, but his results 
are little different from those of John. It is thus seen 
that the effect of inclusion of exchange is important in 
determining the absolute magnitude of the cross section.
Free free absorption coefficients for O" and N" 
have been calculated by Breene and Nardone (I960, 1961) using 
(4.1.4), including only the first term in the summation and 
approximating to the s-wave radial continuum function by a 
Hartree wave and to the p-wave by a plane wave. ^In a later 
paper (Breene and Nardone (1965) the authors discuss the 
effects of polarisation and exchange on their previous 
results for 0~. For the s-wave radial continuum function 
they adopt firstly the solution of the equation suggested by 
Klein and Breuckner (1958) and discussed in Chapter 1, while 
to consider the effects of exchange they adopt essentially 
the static central field exchange approximation for the con­
figurations [0(^P)k^^0] and They find in this case
Oo1
very little difference in the doublet and quartet wave 
functions and likewise the corresponding matrix elements. 
However it is of interest to notice that their results for 
the free free cross section (4.1.4), taking the first term 
in the suramation only, though in good internal accord in the 
polarisation and exchange approximations, differ from those 
of their previous calculations, (Breene & Nardone (I960)), 
using Hartree s-waves by between 50 and over the range of 
wavelengths considered. It is likely therefore that it is 
these effects of polarisation and exchange, rather than 
"electron” exchange, which more radically affect the free 
free cross section.
We therefore discuss the free free transitions of
an electron in the field of G(^P) in the static central field
exchange approximation. We have already seen from the study
in Chapter 5 of the radial functions for the configurations
[C(^P)k^t] of an electron of angular momentum £ and 
2energy k in the field of a carbon atom in the ground state, 
where L = ê +1 if 8 = 0  and L = C -1 otherv/ise, that the 
phase shifts are significant up to £ =5* We see then that 
firstly we probably cannot expect to obtain a reasonable 
estimate of the free free cross section (4.1.4) unless we 
include at least the first three terms in the summation over 
the matrix elements. We further discussed in Chapter 5 the 
wave functions for the possible doublet and quartet config-
uration states arising from the system of an electron of 
angular momentum I in the field of G(^P). It is clear 
that the approximation for the matrix elements
~   ^i f -t-'1 4,2.2
is reasonable for H ,8.-1 1. In the case t or
£ - 1 = 1  (4.2.2) holds only for small values of , k^^.
o
We see however from (4.1.14) that even for large &  k the
dominant contribution to the absorption coefficient is
2
provided by small values of k^ , due to the averaging over
a Maxwellian distribution. We consider then that if the
radial functions P p (r) for [C(^P)k^'C] ^L, where
k^,£
L = £ + l i f  £ = 0  and L = £ - 1 othenvise, in the static
central field exchange approximation are used for the matrix
elements in (4.1.4), including the first three terms in the
summation, then from the above discussion it is unlikely
that the absorption coefficient (4.1.14) will be in error by
more than 10 - 20%. (It is also clear that the lack of
adequate knowledge of the continuum functions for £ = 1 in
2
the region of the "resonance" at k = 0.605 %  will only 
affect the results in the region of short wavelengths, where 
the bound-free cross section dominates the final absorption 
coefficient; see next section.)
Qjol
§5. Final results for the free free absorption coefficient 
of
We remember that, in the discussion of the evaluation 
of the phase shifts (k ) in Chapter 5, we are always able
to find a point r after which the radial functions P p (r)
are asymptotic and take exactly the form
^ Sg.'i j 4.5.1
Suppose then for any two functions, P p (r), P p (r)
^0 ’ 0 ^1 ’'^l
we let a be defined such that
^  ) r» lo) ) 4.5.2
then we can always evaluate
using the numerical solutions obtained for the P p (r).
Hence we write
Ao S r ., ty") » r  » (r) , U)  ^ cU
® 4.5.4
where ^
a
To evaluate this integral we let
%t)4-
that is
a.lk^ky^(o(^+A^)
- odO^ 
4r e (/ccn>(Af \Or^ 8) ^ 4- A  \8vv\ ( A^a4 ^A  ^
o
o
(.oC*-+A\*'^
4 .3.7
where A-, - 1;,-+ k,
A ^  %% — k
2>\ - - ' / g 4 .3.8
Bi_ - .k
Hence since T"(*<-) is a well behaved function of oC as
we can write X(aJX - \ .
Ko.'i -  w_S:_ f i S  (A^fx-rÇii -  J_ s>Â« 6*.) 7  
a(koK»r*- 'a, a^ J
+ -f—  .V, C J- 0»s CA,0L4 E,^  - JL (AiO.-t 7
4 .3.9
where the parameters are given by (4.5.8).
We evaluated the matrix elements (4.5.4) using 
sixteen point Gaussian quadrature over subdivisions of width 
2.5 a^ for the range zero to a, and used (4.5.9) for 1(a).
a o f
Results were obtained for = 0,1,2 and
Rq ^, = 0.02 (0.02) 0.10 (0.20) 1.10, with k^^ > k^^. The 
matrix elements for £ ^ = 3 ,  ^ q = 2 were found to be small ■ 
compared with those for £ ^ = 2 ,  ^ ^ = 1 ;  £^ = 1, 2 ^ = 0 ;
a few of the calculated values are shown in table 4.1. The
2 2 Ô 0matrix elements (k^ ,8 -1; r; k^ ,c ) are shown for 8 = 1,2
in figures 4.3 and 4.4; those for (k^^, £ ; r ; k^^, H -1)
2
v;ere of the same order of magnitude for small kg , but
2
decreased more rapidly for larger values of kg . The com­
plete set of matrix elements is shown in table 4.1; we 
expect these to be accurate to three significant figures in 
this approximation.
The final totals
M  ( 4.3.10
£
were calculated including the first two terms only in the
summation; the error incurred by excluding the matrix
? P
elements for £ ^  3 is less than 2%. MCk^ , A  k ) was found 
to be almost logarithipically linear in k^ for small values 
of kg and hence it follows that the integrand
a  ko J ^  cUcg 4.3.11
involved in (4.1.14) is well behaved as k ^ 0, so that the 
integration procedure is straightforward. We calculated the 
free free absorption coefficient (4.1.14) per unit electron
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pressure per Carbon atom, using our usual Gaussian quadrature 
techniques over the range 0 < 0.50, for T(10^ ^K)= 5(1)10
and A  = 0.02 (0.02) 0.10 (0.20) 1.10. The corresponding 
bound free contributions n(C“) (C~) were obtained at these
temperatures and wavelengths from our best (D.V.) results for 
the photodetachment cross section in the static central field 
exchange approximation reported in Chapter 2. The results 
are shown in table 4.2, while in table 4.5 we give the total 
absorption coefficient k ^ (C“) of C" per unit electron 
pressure per Carbon atom, including stimulated emission, as 
a function of T and X • In figure 4.5 we show the bound 
free, free free, and total absorption coefficient k ^ (C") 
for T = 6300 ^K. For long wavelengths k ^ (C“) behaves in a 
very similar manner to k ^ (H“) as calculated by Ohmura and 
Ohmura (I960) and John (1964), but a sharp rise is encountered 
at the threshold (9895-^ A) for photodetachment, and the 
absorption coefficient falls off very rapidly at short wave- ' 
lengths. It is intended to study more closely the free free 
transitions subsequent to further investigation of the 
’’resonance" effect in the static central field exchange 
approximation discussed in Chapter 5, (Myerscough and 
McDowell, (1965)). It seems likely however from the present 
results that continuous absorption by C“" will be significant 
in stars whose C : H ratio exceeds unity.
a.oi3
TABLE 4.1
MATRIX ELEMEOTS (Rq^, t -1; r; + Ak^, t ) AND
(k^^, i ; r; k^^ + A k^, g -l) INVOLVED IN THE FREE FREE 
TRANSITIONS OF ELECTRONS IN THE FIELD OF I'lEUTRAL CARBON
ATOMS IN THE STATIC CENTRAL FIELD EXCHANGE APPROXIMATION. 
^0
X ^ ^ O ’h ^  (0,1) (1,0) (1,2) (2,1) (2,5) (5,2)
A  k^ = 0.02
490 441 100 85
221 172 70 60
99 85 48 44
51 48 54 52
55 52 25 25
4.9 4.1 4.0 2.5
1.7 1.5 1.2 0.6
A  k^ = 0.04 :
176 140 72 60
82 75 50 44
50 48 55 52
57 54 25 24
26 25 19 18
4.2 5.5 5.2 1.9
1.5 1.2 1.0 0.46
0.02     11 7.0
0.04 
0.05 
0.08 
0.10 
0.50 
0.50
0.02     8.2 5.6
0.04 
0.06 
0.08 
0.10 
0.50 
0.50
a lo
A  = 0.06
0.02 85 78 52 46
0.04 52 50 57 55
0.06 40 55 26 25
0.08 50 26 20 18
0.10 22 20 15 15
0.50 5.7 5.1 2.7 1.5
0.50 1.5 1.1 0.85 0.58
A  k^ = 0.08
0.02 58 54 40 56
0.04 40 58 28 27
0.06 51 28 21 20
0.08 25 21 16 14
0.10 17 16 12 10
0.50 5.2 2.8 2.2 1.2
0.50 1.15 1.0 0.7 0.52
2
A  k = 0.10
0.02 45 42 55 29
0.04 52 50 25 21
0.06 24 25 18 15
0.08 18 17 15 11
0.10 15 14 10 8
0.50 2.8 2.5 1.9 1.0
0.50 1.05 0.9 0.6 0.27
7.0 4.-6
5.8 3.8
4.8 5.0
a u
TABLE 4.1 (cont'd.)
A  = 0.50
0.02 14 12 10 5.6
0.04 10 9 7 4.0
0.06 7.4 7 5 2.9
0.08 5.8 5.4 4 2.0
0.10 4.4 4.5 5.1 1.4
0.30 1.0 0.9 0.5 0.22
0.50 0.4 0.55 0.16 0.08
A  k^ = 0.50
0.02 8.0 6.1 5.0 2.1
0.04 5.4 4.2 5.5 1.5
0.06 4.1 5.0 2.5 0.9
0.08 3.0 2.5 1.8 0.6
0.10 2.2 1.8 1.5 0.44
0.50 0.46 0.57 0.18 0.08
0.50 0.20 0.15 0.07 —
2
A. = 0.70
0.02 6.0 5.6 2.5 0.9
0.04 5.6 2.5 1.7 0.55
0.06 2.5 1.5 1.2 0.57
0.08 1.7 1.1 0.85 0.23
0.10 1.2 0.85 0.6 0.16
0.50 0.26 0.17 0.09 — M
0.50 0.11 0.05 — — — —
1.4 0.8
0.55 0.27
0.26 0.12
aia
TABLE 4.1 (cont'd.)
A k ^  = 0.90
0.02 4.5 2.2 1.4 0.5
0.04 2.6 1.5 0.9 0.28
0.06 1.7 0.85 0.6 0.17
0.08 1.1 0.58 0.42 0.09
0.10 0.7 0.44 0.5 0.07
0.50 0.18 0.08 — — —
0.50
A k2 = 1.10
0.02 5.6 1.4 0.72 0.25
0.04 1.9 0.75 0.48 0.15
0.06 1.2 0.44 0.52 0.08
0.08 0.5 0..51 0.22 —
0.10 0.44 0.25 0.15 —
0.50 0.11 — — —
0.50 — — —  — ---- —  —
0.14
TABLE 4.2
BOUim FREE AND FREE FREE ABSORPTION COEFFICIENTS FOR C~, 
(10”^^ cm^/dyne)
X °A 5000°K 6000°K 7000 °K 8000°K 9000°K 10000°K
45564 60.14 59.15 27.16 19.75 14.9 11.5
22782 7.79 5.17 5.65 2.68 2.04 1.60
15187 5.50 2.25 1.59 1.19 0.92 0.72
11591 2.58 1.75 1.26 0.94 0.75 0.57
9115 1.81 1.22 0.87 0.65 0.50 0.59
(2.55) (0.92) (0.45) (0.24) (0.15) (0.10)
5057 0.59 0.26 0.19 0.14 0.11 0.084
(9.54) (5.74) (1.80) (1.00) (0.61) (0.40)
1825 0.18 0.12 0.08 0.06 0.047 0.056
(9.07) (5.56) (1.72) (0.95) (0.58) (0.58)
1502 0.12 0.08 0.055 ‘ 0.04 0.051 0.025
(7.92) (5.11) (1 .50) (0.85) (0.51) (0.55)
1012 0.061 0.04 0.028 0.02 0.016 0.012
(6.78) (2.66) (1.28) (0.71) (0.45) (0.28)
828 0.058 0.058 0.026 0.019 0.015 0.011
(5.91) (2 .52) (1.12) (0.62) (0.58) (0.25)
(The numbers in parentheses indicate the bound free 
contributions.)
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TABLE 4.3
TOTAL CONTINUOUS ABSORPTION COEFFICIENT OF C~ PER UNIT 
ELECTRON PRESSURE PER CARBON ATOM INCLUDING STIMULATED 
EMISSION, UNITS 10“^^ cmVdyne
X °  A 5000°K 5000°K 7000°K 8000°K 9000°K 10000°K
45564 28.15 16.02 9.86 6.44 4.41 3.13
22782 5.58 3.37 2.17 1.46 1.03 0.75
15187 2.80 1.77 1.18 0.83 0.60 0.44
11391 2.38 1.54 1.05 0.75 0.55 0.41
9113 3.98 1.98 1.18 0.77 0.54 0.39
3037 9.93 4.00 1.99 1.13 0.71 0.48
1823 9.24 3.67 1.80 1.01 0.63 0.42
1302 8.04 3.18 1.55 0.87 0.54 0.36
1012 6.84 2.70 1.31 0.73 0.45 0.30
828 5.96 2.35 1.14 0.64 0.39 0.26
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CHATTER 5 . MODEL STELLAR ATMOSPHERES
§1. Discussion of the problem
The radiation emitted by a star carries information 
regarding the composition and physical structure of the star, 
and one of the chief aims of astrophysics is to interpret 
these stellar spectra. Observed radiation is compared with 
models of known characteristics, and the degree of agreement 
between the observed and model spectra enables the structure 
and composition of stars to be deduced. Much of the early 
work on model solar atmospheres and radiative transfer was 
provided by Chandrasekhar and his collaborators, (see 
Chandrasekhar (1950)), and model stellar atmospheres consist­
ing mainly of Hydrogen have been investigated using these 
techniques by, for example, Chandrasekhar and Munch (1946), 
Munch (1947) » Aller and Pierce (1952), and Sv/ihart (1956).
In particular, these calculations indicated the dominance of 
continuous absorption by H" in the sun.
Recently, it has been suggested by Branscomb and 
Pagel (1958) that continuous absorption by C~ may provide a 
major contribution to the opacity of Carbon stars apparently 
deficient in Hydrogen, that is stars whose C/H ratio is 
greater than unity. The prototype of these objects is the 
supergiant variable R Coronae Borealis, (Aller (1961a)).
Many years ago Berman (1935) showed that the atmosphere of 
this star contained an excess of Carbon, and that its 
effective temperature was 5300^K, while its g-value was 
270' cm /sec. The most recent detailed investigation of 
R Cr B was made by Searle (1961), who compared the high 
dispersion spectra with similar spectra of the standard F8 
supergiant, S Ganis Majoris. Equivalent widths of a large 
number of lines in the wavelength region XX 4000 - 4800^A 
were measured, and a curve of growth abundance comparison 
carried through. The Carbon to Hydrogen ratio found was 
about 10, and, assuming R Cr B to differ from the Sun only 
in the abundances of H, He, C, the abundance factors are 
approximately X = 0.0005, Y = 0.91» S = 0.09» = 0.75& by
weight. Two unusual features of the spectrum appear to be 
the pronounced weakness of the Balmer series in Hydrogen and 
the strength of the Carbon lines at X 4762 (3s 4p ^P)
and X 4812 (3s ^P 4p ^S). It would be of great interest 
to study this type of star theoretically to investigate more 
closely its actual composition.
We shall assume a theoretical model atmosphere to 
consist of stratified plane layers with a given temperature 
law and chemical composition. A model which satisfies the 
equation of hydrostatic equilibrium and is in radiative 
equilibrium is said to represent a real stellar atmosphere. 
The model parameters will be:
Al8
(a) The acceleration due to gravity, g.
(h) A constant T^ which defines the temperature range.
The temperature T is a function of depth in the
atmosphere and T^ may, for example, be taken as the
effective temperature or the surface temperature,
(see below).
(c) The relative abundances by weight of the elements 
forming the chemical structure of the star. For 
example, for a solar model or an early 0-type star 
these would be the relative abundances by weight X 
of Hydrogen, Y of Helium, and Z of heavy elements.
We shall discuss briefly the most recent general model 
applied successfully to early 0 and B stars by Underhill, 
(see for example Underhill (1962)).
§2. A model stellar atmosphere
The problem to be solved is to compute the emergent 
flux for a model atmosphere of specified characteristics,
and also to obtain the flux at any depth in the model. The
model is defined by the chemical composition, g, and its 
assumed temperature law, and the appropriate pressure at any 
depth is found by solving the equation of hydrostatic equi­
librium. The material of the atmosphere is considered to 
interact with radiation of frequency V  through a mass
opacity coefficient , which gives the amount of
radiation removed from a beam of specific intensity in
a direction G to the normal, per gram of star material 
traversed by the beam, per second, and an emission 
coefficient j y which gives the amount of radiation added 
to the beam per gram per second. The formal equation of 
radiative transfer is then
0 cLIv "3. % — S-vf 5-2.1.
dltv
(Woolley and Stibbs (1953))» where
S y  = •jv/kv 5.a 2
is the source function, and is the monochromatic optical
depth. The element of monochromatic optical depth is
dUbvP - -  Ç  5-2.3
where Ç  is the density at depth x and dx is measured normal 
to the plane parallel layers. Equation (5-2.1) leads 
formally to the expression for the monochromatic flux 
at depth t y  :
c T
5-2.4
(Woolley and Stibbs (1953))» where
5.2.5
%
is the second exponential integral. The theoretical emergent
a s o
spectrum is given by (O ) and the model is in radiative 
equilibrium if
T L  F  C tv » ) - F y  cL v  5.2.6
O
is constant for all values of , when
7C F ( t y )  -  5 .2.7
where is the effective temperature of the model and cr^
is the radiation constant (5-67 x 10~^ ergs/cm /sec/deg.4). 
Any acceptable model should of course be in radiative 
equilibrium.
Part of the continuous absorption in the atmosphere 
is provided by absorption in the continua of the elements 
and ions; we suppose this to be represented by a mass 
absorption coefficient per gram of star material.
Electron scattering is also a source of opacity, and, 
following Underhill (1951)» a first approximation is to 
assume that the scattering is coherent, isotropic, independ­
ent of frequency, and has opacity cT . The contribution
to IxTy from line absorption will be discussed later. Thus
we shall write the mass opacity coefficient as
Uv> “ 4^.^ "V* 5-2.8
and the mass emission coefficient is then given by
jy - B y  5.2.9
-I
(Woolley and Stibbs (1953)), where - OrS© and
K - -  1)-' 5.2.10
c*-
is the Planck function at the temperature corresponding to 
optical depth h . The equation of transfer then becomes
/U (^Xv> CL \ - — X y B-v? 5-2.11
where -t %
%  ^ ^  I l y  (/^ )
X y  3. 4<,y / C k y T  cr) 5-2.12
\ - \ y  = cr / y. cr) .
Equation (5-2.11) then leads to the equation for the source 
function
Oo fcv*
SyCty) - Xy By C-ty'
5.2.13
(Woolley and Stibbs (1953))» where
uT' dLu, 5.2.14
is the first exponential integral. Equation (5-2.15) may ^
be solved by an iterative method due to Strbmgren, (see for 
example Underhill (1950, 1951))»
SyCty) - By (fey) i - S - o C t y ) - ! - 5-2.15
where
—  ty
Z.^C’fev) -  C '“ X y ) ^ -  8^ j^By ( f e y - ^ ^ ^ ) @ l^
w h i l e  90 by
° 5.2.17
Thus we see that and hence F v  may be computed once
^  ^  , or" , and are known as functions of “t v  •
We shall assume a temperature law
r  ( c ,  To^ . 5.2.18
Here c  is the mean optical depth and is related to the 
geometric depth x by
<k-c - -- C<K4r cr) ecLtc 5.2.19
where ^  is a suitably defined mean absorption coefficient
which we will discuss later. It is clear that 6 ^  is 
related to TT by
TT
t'y % j , 5.2.20
o ^  4^  cr
The temperature law adopted by Chandrasekhar and his 
collaborators was the approximation to a non gray atmosphere
T4- = 1  Te,*^  5.2.21
4"
where many expressions were used for C^ (,’C) (see Woolley 
and Stibbs (1953))> probably the most accurate being the 
integral expression due to Mark (194-7). The early work on 
model atmospheres mentioned in gl used equation (5*2.21) for 
the temperature law and generally introduced a multiplica­
tive constant into the value of taken, in order to
obtain the smallest deviation of F (.tv') from F(0) and 
derive the expected value of the effective temperature for 
the Sun. However, with the advent of fast computers, it 
appears to be a good idea to take, for example, as a first 
approximation for the temperature law the result due to 
Milne (see Woolley and Stibbs (1953)),
t r )  ) 5 .2.22
The analysis for the model is then carried through and the 
temperature law modified until the condition of radiative 
equilibrium is satisfied. This method allows a good degree 
of flexibility within the model and has been applied 
successfully to 0 and B stars by Underhill (1950, 1951)*
Suppose now we consider an atmosphere of Hydrogen, 
Helium, and Carbon, the relative abundances by weight being 
X, Y, Zq . If we wish to discuss a model suitable to describe 
R Cr B, then since the effective temperature is less than 
1 0 0 0 0 it is unlikely that there will be a large number of
H^ "^  ions, and thus the mass absorption coefficient due to
continuous absorption by H, H , He, C, C and possibly
will be
^  ^ PcfeyCc-) ] -V feyCcO ,
'^C 5 .2.23c
Here ky C ) is the monochromatic absorption coefficient 
of hydrogen per H atom, ky C H*") is the monochromatic 
absorption coefficient of H" per H atom per unit electron 
pressure; is the monochromatic absorption
coefficient of H^ per H^ atom, and so on. m^, m^  ^ , m^, m 
are respectively the masses of the Hydrogen, Helium, and 
Carbon atoms, and the C"*" ion, and the abundance factors, for 
example Xg, which represents the fraction of once ionised 
hydrogen, are calculated at each level T" as functions of 
temperature and electron pressure using Saha’s equation
in the form given by Aller (196$). The electron scattering 
opacity is given by
^  ^ ^  I ■ ©i.-
$.2.24
The definition of the mean absorption coefficient consist­
ent v/ith the temperature law ($ .2.21 ) is that of Chandrasekhar 
(1950) which gives for example for the mean absorption
coefficient of H per H atom
OO
-  1. CW v (m ) F y ' V v  5.2.25
F o
o
where is the monochromatic flux in a gray atmosphere
The'use of this definition strictly requires the temperature 
law to be given by (5.2.21). One might however use a 
Rosseland mean
° o '■ 5.2.25
or perhaps a Planck mean
o<y ^
k  (H )  ^  \ k y C H )  B y  a v  ; %  - [ B y c L v . 5 .2.27
i  T  '  i
The use of these three means has been discussed by Michard 
(1949). The choice of the most advantageous one depends on 
what one wishes to obtain; a Rosseland mean appears to be 
suitable for computing the interior layers, but a Planck 
mean seems to lead to better flux conservation, (cf. 
Underhill (1956)). However, if one is to start with the 
simple temperature law (5.2.22), then the actual definition 
of 4^ matters little, as the temperature law will be 
modified by trial and error. It has been suggested recently 
by Underhill (1962) that a harmonic mean be used
_-L- % iS T  J_ cku. • vc-Uf
^  ^  o tr K T
5 .2.27
The electron pressure p may be found at any depth rr by©
remembering that the atmosphere must be in hydrostatic 
equilibrium, in which case
6fa  -r ^ - g e  5.2.28
CL’X. C^ 9Cr
Awhere p , p are respectively the gas and radiation g r
pressures. It has been shown by Underhill (194-9) that for 
T < 1 0 0 0 0 the gradient of the radiation pressure is very 
small compared with the term g g in (5.2.28) and hence 
one may write
-a f <3 5.2.29
where f = P^/Pg can be calculated from Saha’s law. Equation 
(5.2.29) is relatively straightforv/ard to solve for the 
electron pressure in terms of the optical depth, if it is 
assumed that f does not vary significantly with c  . It is 
clear then that the methods outlined briefly above lead to 
theoretical model atmospheres which are soluble, and give 
finally the emergent continuous spectrum produced by the 
model star.
Classification of the model; modifications and 
conclusions
On solution of the model atmosphere briefly 
discussed in the previous section, we have a model star with 
a given composition, g-value, and temperature law, which is 
in radiative equilibrium and produces an emergent continuous 
flux C o ) .
It is clear that a first modification would be to
include the electron scattering opacity in its correct form 
as a function of frequency. We then require to classify the 
model; this might be done by computing the relative intensi­
ties of lines from two stages of ionisation of an element. 
Alternatively we could use the absolute strength of a given 
line for the purposes of classification. If we assume the 
line to be formed by absorption, then we can treat -ty , the 
line absorption coefficient per gram of star material, in 
addition to in the above method for obtaining the flux.
Then, if Fy Co) is the emergent flux at frequency v in 
the line and Fy^(o) is the emergent flux in a neighbour­
ing region of the continuous spectrum, the residual intensity 
in the line is given by
|R,y a Py / 5 .5.1
The line profile may be obtained by evaluating at a
number of frequencies, and the width of the line may be 
found by graphical integration. To obtain the shape of the 
line absorption coefficient in the case of, for example, the 
strong Carbon lines in our model, we consider these formed 
by the Doppler effect and collision damping. These methods 
are discussed in detail by for example Aller (1961b) and 
Underhill (1951, 1962).
Thus it is seen that the problem of constructing and 
classifying theoretical model stellar atmospheres is both
lengthy and complex. It is hoped that the work of this
thesis will provide basic information for calculations on 
model atmospheres of Carbon stars in the next few years.
22.3
APPEKDIX
Plow diagram and some results for the iterative 
solution of equation (2.4.10).
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Abatraot
Photodetachment cross sections for 0“ at 
photon energies from threshold to 3 eV are evaluated 
in both dipole length and dipole velocity formulations, 
with several choices of bound and of free wave 
functions. The effects of the polarization contri­
bution to the interaction are discussed, and a 
representation of this interaction correct in the 
limit of both small and large r is adopted. The 
calculations are compared with those of previous 
workers ^  and with experimen-J^.
g1. Introduction
It is well known that H“ , the negative ion of atomic 
hydrogen plays a dominant role in determining the continuous 
absorption in the solar photosphere.
Branscomb and Page [Ï9 have argued that the only other 
atomic negative ions likely vo be of importance in stellar 
photospheres are those of oxygen and carbon, O” and C~. In 
the case of O” there is a possibility of continuous absorption 
in certain oxygen-rich stars, but even in these the abundance 
of 0“ is probably less than that of H~, while the small 
absolute value, of its photodetachment cross section would 
make it difficult to detect the absorption.
However, recent measurementi?^ of the photodetachment
cross section of C~ near threshold indicate that it is 
sufficiently large to make C” absorption dominate over iT 
absorption in those stars whose C” : H~ ratio exceeds unity, 
(•e.g. H. Cor. Bor.). Detailed studies of the process require 
a knowledge of the bound-free and free-free absorption over a 
wide range' of photon energies. This paper is part of a 
preliminary attempt to compute these quantities.
Previous theoretical estimates of , the photo­
detachment cross section for C“ at frequency V  , have been 
made by B r e e n ^  and Cooper and Msirtii^, their results 
differing by an order of magnitude. Breene's calculation 
appears to be in error, while Cooper and Llartin use only the 
dipole length (D.L.) formulation of . However Geltman
has shown that in the case of H“ the dipole velocity (D.V.)
- formulation is the more accurate; as is well known both are 
, identical if exact wave functions are employed.
We calculate (D.L.) and az^  (D.V.) using a
number of different bound state wave functions, of increasing 
accuracy. The continuum functions used are plane waves, 
Hartree central-field functions, and central field modified 
by polarization solutions. Un-orthcgonalized continuum 
functions are employed throughout.
(1)
§2. Theoretical Formulation 
§2.1.' The photodetachment cross section is given by
1 + I r
where is the fine structure constant, the binding
energy, and 1<^ the energy of the ejected electron in rydbergs, 
while ^  ^  is the dipole moment matrix element, summed over 
final states and averaged over initial states.
Adopting separable one elbotron wave functions we
have
(2)
in which (P is an overlap integral, usually taken as unity, 
( 2  ^ 4- I are coefficients tabulated by Batel^ and ^ 4. | is 
given by ^
(3)
k.tti
where the ejected electron is. initially in an £,) orbital, and 
transitions to the (X i  1 } partial waves of the continuum are 
allowed.
In these expressions ('T ) and )are the
T  -multiplied radial factors of the electronic wave
functions for the states (vi-d.) , i t  I ) , and are
normalized according to 
Z
P ^
J V ~r-> 0 0
U. s in  ( kr -  Xil +• )
(5)
is the th order phase shift.
§2 .2 . Ohoioe of bound state wave functions
We use both a simple one parameter trial function for 
, suggested by Moiseiwitsch^?
R -- N  ■v" & (6)ap ap
which does not lead to a positive electron affinity, and 
analytic Hartree-Fock solutions for 0“ , in the Roothan, Sachs, 
and Weiss formulation,
^  -'A V, n--l -/nr-
(7)
which were kindly supplied to us in advance of publication by 
Dr. P. Kelly. These functions give a positive electron 
affinity for O” of 0.04 Ey, compared with the experimental 
value of 0.092 Ry^L
§2.3. Choice of continuum wave functions
Since the electron sees an exponentially decreasing
-136- I C 1
field at large T  , a reasonable first approximation is to 
use suitably normalized plane waves
Ÿ If') = 4  ) P'(co!,0)
' u, I  -r ' (8)
for the continuum function, with 
'/z('-I = (•'<'-)
where ^ ( KnT ) is a spherical Bessel function.
To improve on this we obtained the continuum 
Hartree-Pock equations
[ i l  + 2V  , ( < )  -  « i l ' î  +  + V  ( v ' l ]  p
l o t x  r  ■ f :  ' J  X,'
(9)
where in the usual notation
v^ ,- (x) = £  - 2 Y, ( 1 0 0  -2X. (2 s,2s ) - 2  Yo (2p2 p)
and (10)
Here (/-) is a polarization potential discussed in §2.4.
(iO-1jZ ) are orthogonalization parameters, and )
are the exchange terms, both of which are ignored in the 
caloulations reported in this paper.
§2.4* Polarization potential
An additional potential (r) due to polarization 
of the target atom by the incoming electron is certainly 
present in the time-reversed problem. Clearly it must behave 
as
4C</T (11)
asymptotically, where oC is the atomic ppolarizability.
Previous calculations on and C""L4J which
included polarization effects adopted a potential of the form
V p ( x )  =
where was an empirical cut-off distance. Following
Stemheimei§?, however, we can show that V p  (-r ) must be of 
the form
(12)
Vp(^ ) - 0( ("T T
where
(12')
(13)
(V->oo^ oC
We write
-  Vz---- —2b, -V- t> a \
oCiy) ~ oC —  e  ' ( o< 4- 2  )
 ^ V
and determine the by conditions (13). Then if is
the Hartree-Fock approximation to , we can determine a
first approximation to jS by using,
E, - = <RpMlVp(x)|P,p(x^^ (15)
(14)
Ifeis yields ^  = 0 .1108, where we have taken oC  = 14.17 
In fact c\ (xr ) is not very sensitive to ^  , and (-r) as 
obtained from (12') and (14) differs appreciably from that 
adopted by Cooper and Martin only in the region 1" <C 2, , 
where V  l<" ) dominates.kit
§3. Results and discussion
We solved (9) on the University of London "Mercury"
Computer, and Manchester University "Atlas" Computer using a
predictor-correotor Fox-Goodwin method, normalizing by
StrWmgren's techniqui^J. The solution was produced as sets
of Tchebychev coefficients, the integrals ^ being
evaluated by Gaussian quadrature. % e  results are displayed
in Pigs.1-4, for O  ^ K ^ < 3 e V i n  units of 10 ctn. . We plot 
2 )
the experimental curve ', together with the D.L. and D.V. 
results. Following a suggestion of Seaton^^ we also plot
( b. which in the case of polarization
(12) is in excellent agreement with experiment.
It is immediately clear that any conclusions based on 
either D.L. or D.V. calculations alone may be extremely 
misleading. The introduction of either form of polarization 
in the Hartree equation leads to worse disagreement in the 
D.L. and D.V. results, while improving the mean, but the 
second form of polarization, which theoretically should be 
superior, fails to maintain this improvement. This is because 
it remains weak for small 'T , and in this region the 
contribution to almost vanishes due to cancellation.
The results presented are, like those of Cooper and 
Martin, based on unorthogonalized S -waves, and in the energy 
range investigated the s -wave contribution dominates,
even when small. Thus the final results are unreliable, and 
can only be regarded as suggesting that agreement with 
experiment may be possible.
Further work on orthogonalization and inclusion of 
correlation and exchange is in progress.
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Summary
The bound-free absorption coefficients for C“ are calculated, over a wide 
range of photon energies, in the dipole length and dipole velocity formulations, 
using Hartree-Fock bound state wave functions and central field continuum 
functions, taking into account orthogonalization and (a) polarization or ih) 
exchange. The final results obtained by method {h) show qualitative agree­
ment with experimental results where available, except in the region very 
close to threshold.
I .  Introduction.— T h e  possible importance of continuous absorption by 
atomic a nd  molecular negative ions, other than H ~ ,  in stellar photospheres has 
been discussed b y  B r a n s c o m b  &  Pagel (1 9 5 8 ). T h e y  point out that in stars of 
low hydrogen content, the atomic negative ions m os t  likely to contribute are 
those of carbon and oxygen, C “ a nd  0~. However, even for oxygen-rich stars, 
the concentration ratio w ( 0 “ )/«(H~) is not large enough, in view of the small 
absolute magnitude of the photodetachment cross-section of 0 “ c o m p a r e d  with 
H “ (Branscomb et al. 1 9 5 8 ), to allow the detection of continuous absorption by  
0 “ . For C", the case is otherwise. B r a n s c o m b  &  Pagel suggest that for G  
a nd K  giants (in particular R  Coronae Borealis), log [«(C~)/n(H“ )] m a y  be as 
large as 4 . Thus, provided the photodetachment cross-section of C ~  is not 
abnormally small, one w o u l d  expect a break in the infra-red spectrum of these 
stars at the absorption threshold for C ~  (approximately i-o  fju).
S e m a n  &  B r a n s c o m b  (1 9 6 2 ) have determined the photodetachment cross- 
section of C ~  f r o m  the threshold of 1*25 e V  (9 8 9 3  A )  to 3 e V  ( 4 1 2 0  A )  b y  a 
cross-beam experiment. T h e  threshold behaviour observed is in accordance 
with that expected f r o m  group theoretical arguments (Branscomb et al. 1 9 5 8 ), 
a nd  the absolute magnitude is approximately twice that of 0 ~.
However, in order to examine in detail the continuous absorption b y  C "  in 
a stellar atmosphere, one requires the bound-free absorption coefficients over a 
far wider range of photon energies, and also the contribution from the free-free 
absorption. In this paper w e  attempt to provide a theoretical estimate of the 
bound-free absorption coefficient at energies greater than 3 eV.
Less detailed theoretical studies have been carried out b y  Breene (1 9 3 9 ) and 
Cooper &  Martin (1 9 6 2 ), while M y e r s c o u g h  &  M c D o w e l l  (1 9 6 3 ) have given an 
account of their preliminary results at the Sixth International Conference on 
ionization p h e n o m e n a  in gases. Breene’s results are an order of magnitude 
lower than the observed cross-sections, while the results of C ooper &  Martin 
(1 9 6 2 ) and of M y e r s c o u g h  &  M c D o w e l l  (1 9 6 3 ) although in reasonable internal 
accord and of the correct order of magnitude, display an incorrect energy varia­
tion near threshold, a nd  are based o n  an inadequate atomic model. E a c h  of 
these papers employs a separable electron central field approximation, exchange
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being neglected, and the c ontinuum w a v e  functions are not required to be 
orthogonal to the b o u n d  state w a v e  functions of the s a m e  orbital angular 
m o m e n t u m .  T h e  present results are likewise obtained in a central field model, 
but exchange is included in both initial a nd final states, and proper account is 
taken of the requirements of orthogonality. T h e  effect of including a polari­
zation potential is also discussed.
2 . Theoretical formulation.— T h e  cross-section for photodetachment of an 
outer electron with kinetic energy rydbergs (i r y d b e r g =  1 3 -5 6 5 eV) from a 
negative ion of binding energy ^^(Ry) is given b y  (Bates 1 9 4 6 )
o-v = 8'5S X + (i)
in the separable electron central field approximation. H e r e  ^  is a factor of order 
unity, are angular m o m e n t u m  coefficients (Bates 1 9 4 6 ), transitions to the 
(/+ i)th partial waves of the continuum only being allowed, and
00
0'lj.l(D.L.)= J  Pnl('>')Pk\l±l{^ y (^)
0
00 00
a , ^ , ( D . V . ) =  {r) dr ± J  i
" (3)
in the dipole length (D.L.) and equivalent dipole velocity (D.V.) formulations 
(Bates &  Seaton 1 9 4 9 ). In these expressions Pniil) a nd P^  ^i±i(^) are the r-multi- 
plied radial parts of the initial {nl) and final (A^, / ±  i ) orbitals, normalized 
according to
J PfA^ )dr=i (4)
Ph\ ;-('■) r sin {kr - \1 'tt +  8,,). (4  a)
Analytic representations of the Hartree-Fock w a v e  functions for the ground 
(^S) state of C "  a nd ground (^P) state of C  were calculated for us b y  D r  P. Kelly 
of L o c k h e e d  Missiles and Space Corporation, in the Roo th a n  formulation, 
(Roothan et al. i9 6 0 ). W e  write
P n M  =  '• 2  exp ( -  la  r) (5 )
i
and tabulate the coefficients n^  ^ for the i^, zs and zp orbitals of (^P)C and 
the zp of (^S)C“ , together with the total energies, in Table I. It m a y  be seen that 
with these functions the calculated binding energy of C ~  is 0 - 0 4  R y  c o m p a r e d  with 
the experimental value of 0 -0 9 2 R y  ( S e m a n  &  B r a n s c o m b  1 9 6 2 )
T h e  Hartree-Fock equations for the Pj^ 2j  functions for an electron of energy 
R y  m o v i n g  in the field of an undisturbed (^P)C core are.
+ ; V^ {r)+V^ {r)\P,.^ ,{r)
n=l
(6)
N o. 4 , 1 9 6 4  
where
while
Continuous absorption by the carbon negative ion 
V i,(r) =  Z - 2 Yo(lS, I^) - 2V„(2S, 2S) - 2Yo(2p , 2p ),
V^,{t)=VUr) + iY^ {2p,2p)
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(7)
(8)
X [P ,.,,{r)] =  -  - kh )P ,X r) -  -  Yo{2s, kh)P^,(r)
-  ±J,{2p,k^s)P,^(r)
X[P,U^)]- - ^  Y,{rs, m)P,,{r) - I  Y,{2s,m)P^ {r)
+ Y^{2p, k^d)P2p{r) — Y^{2p,h?d)P^{r),
in the usual notation, a nd  Vp{r) is a polarization potential discussed in Section 3 . 
H e r e  are orthogonalization parameters, chosen such that
^  Pv,si'^)PnÂ'')dr =  o ( « = 1,2 ). (9)
T able I
Parameters fo r  radial Hartree-Fock functions fo r  (*P)C atid (^S)C'^
Carbon (is)^(2 s)^(2.^)  ^T  
Effective principal quantum  nos. and orb. exponents
i i^s c,. i flip Up
I I 6 * 0 0 0 0 0 I 2 1* 1 5 9 0 0
2 3 6  8 0 0 0 0 2 2 2 * 2 2 3 0 0
3 3 5 *20000 3 2 5 * 4 9 0 0 0
4 3 2 * 8 6 3 0 0
5 3 1*63 8 0 0
Eigenvectors c^ ni
i 15 zs zp
I 0 * 9 4 1 2 1 - 0 * 2 0 0 0 9 0 * 6 6 5 2 8
2 0 * 0 6 4 8 5 - 0* 0 2 3 3 1 0* 3 8 3 7 1
3 0 * 0 1 9 1 1 0 * 0 6 7 0 5 0 * 0 2 0 3 1
4 0 * 0 0 2 2 8 0 * 5 3 7 1 2
5 0 * 0 0 0 2 6 0 * 5 1 0 2 8
T otal energy: — 7 j3 7 7 o  Ry 
C ~ {is)\zsY {2.py  * 8  : zp  radial function
Eff. princ. qu. nos. orb. expts.
Up 
0 * 7 6 5 1 0  
1 * 7 3 8 0 0  
3 * 9 6 8 0 0
T otal energy: —7 5 * 4 1 6 8  Ry
'Hp
Z
Z
Z
eigenvectors
i^2p
0*53509
0 * 5 2 8 6 6
005916
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3 . Effects of polarization.— If w e  neglect exchange equation (6 ) becomes 
dP . I. . 2?,
— 2 \isPns{l)^0,1
n=l
(10)
w he re  the polarization potential Vp{r) is required to behave as ar~^ as 00, where 
a is the polarizability of C  in atomic units, a =  1 4 -17 (Dalgarno &  Parkinson 1 9 5 9 ). 
W e  adopt the s a m e  choices of V p(r) as in our previous w o r k  (Myerscough &  
M c D o w e l l  1 9 6 3 )
Polarization i : Vp(r) =
Polarization 2 : Vp{r) =  a(r)/r^
a(r) =  a - e x p  ( -  2 V % , r )  +  2  ,
(11)
whe re  the coefficients a^ ( ^ =  i,..., 5 ) are chosen so that oi{r)-^^r^ as r-^o, and 
P is determined b y  a first-order perturbation calculation of the binding energy of 
C “ (Myerscough &  M c D o w e l l  1 9 6 3 ). In our previous w o r k  w e  chose A„s =  o, 
M ==i , 2  but in the present case w e  take only Aig =  o (Seaton 1 9 5 1 ) a nd  solve the 
h o m o g e n e o u s  equation
^ (1 2 )
together with the equation
«^ou ( 0  =  ^ 2s W  (1 3 )
subject to the boundary conditions
u(o) =  o; u'(o) =  o; \i{r)^„k-^>^s,m{hr +  ^ ^). J ^
T h e  required orthonormal solution of equation (lo) for / = o  is then
■^A:*,oW=={*^**,oW(0) +  ^ 28^ W } /^ 0  , (1 5)
whe re
00 00
^2s =  -  ^ Pu{i')Pv,<si^\<i>dr j I u{r)P i^{r)dr (1 6)
0 0
a nd
Cq=  ± {1 +  4-zAggcos (7^ 0 (1 7)
( To  a g oo d  approximation |Co|== i +  Agg since for these potentials. T h e
sign of Cq is chosen to ensure continuity.)
T h e  results (neglecting exchange) are s h o w n  in Figs. i a nd  2 . T h o s e  
corresponding to the choice of polarization i differ but little f r o m  our previously 
reported unorthogonalized results for this potential, w hi ch  were in g oo d  accord 
in (D.L.) formulation with those of Coo pe r  a nd  Martin. H o w e v e r  the effect 
of orthogonalization for polarization 2 , w hich is theoretically preferable, is to 
bring the results in close agreement with those obtained using polarization i, 
cr (D.L.) being s o m e w h a t  larger a nd a (D.V.) considerably smaller than for the
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Wavelength A (1000°A)
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1 5
1 0
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o
5
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photon  ene rgy(eV)
F ig. I.— Continuous absorption coefficient of C~ using H.F. bound state functions and central 
field continuum functions with orthogonalization and polarization 1. Curve i :  experiment 
{Seman Branscomb 1962); curve 2 : D.L.\ curve 3 : D.V.
W aveleng th  A (1000 °A)
9 8 7 6 5
oCO
1 5
10
5
2-0 2-51-51-0
photon en e rg y  (eV)
F ig. 2 .— Continuous absorption coefficient of C~ using H.F. bound state functions and central 
field continuum functions with orthogonalization and polarization 2 . Curve i : experiment 
{Seman fe? Branscomb 1962); curve 2 : D.L.', curve 3 : D.V.
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unorthogonalized results. Nevertheless the discrepancy between o (D.L.) and 
o (D.V.) remains uncomfortably large. ( T h e y  should, of course, agree.) It is 
to be expected that the inclusion of correlation and exchange will tend to remove 
this discrepancy.
4 . Calculations with exchange.— The re  is as yet n o  satisfactory w a y  of 
including the effects of the long range polarization interaction in the central field 
approximation with exchange (see however Sloane &  M a s s e y  1 9 6 4 ). W e  there­
fore neglect polarization in the central field exchange approximation.
W e  solved the equation (6 ) with Vp(r) =  o for /=o, 2 and R y  by a
predictor-corrector technique normalizing b y  S t r om g re n ’s technique (Bates &  
Seaton 1 9 4 9 ). Letting n o w
+ + ;>'.«} (.8)
then for / = 2  w e  solve at any stage (putting P(r) for Pj 2^ i (r))
^gf,(r)=%[^f,_,(.) +  6f,_g(r)] (1 9)
w h e r e  f^(r) is the zth iterate of P(r) and a, 6 , are mixing coefficients such that 
a +  b = i ,  except for i = i  w h e n  w e  took P^ _^  ^=  P _^  ^=  P q. Convergence of the 
solution usually occurred in less than six iterations with a =  b = \ .  For /=o, a 
similar procedure w as  followed, but at each iteration P(r) was  orthogonalized in 
the following m an ne r :  —
W e  write Pl^  ^=  P,. +  A-u where A^. is chosen so that P(^)(r) is orthogonal to 
Pgg(r), a nd u(r) satisfies
(2 0 )
with boundary conditions as in Section 3 . W e  m u s t  then solve at the zth iteration
^oP((r)=Z[aP('-i)(r) +  6P C - 2)(r)] (2 1 )
which together with (2 0 ) is equivalent to (6 ). O n  convergence, w hi ch  m a y  
require as m a n y  as 3 0  iterations if i, the orthonormal solution is (Pj. +  AjU)/C, 
as before.
T h e  results are s h o w n  in Figs. 3 and 4  for the energy ranges o to 3 e V  and 
o to 4 0  eV. T h e  calculated cross-sections are in rather better agreement with 
each other than were the best non-exchange results, but are in poor absolute 
agreement. T h e  D.V. result is in g oo d  agreement with the experimental values 
except in the immediate neighbourhood of threshold, and since both <7 (D.L.) 
a nd cr (D.V.) are in satisfactory agreement for >  2 Ry, w e  feel that the 
calculated values of a (D.V.) provide the best presently available results above 
3 eV. T h e  failure of the dipole length formulation is not unexpected in view of 
recent w o r k  o n  H ~  (Geltman 1 9 6 2 ). In neither case is the calculated slope near 
threshold satisfactory. It appears that in order to account for the rapid rise of 
the cross-section within 0  2 e V  of threshold detailed knowledge of rather 
sophisticated properties of the b o u n d  a nd  free w a v e  functions is required. 
Calculations o n  the effects of radially correlated c o n ti n uu m  functions are in 
progress.
T h e  experimental results of S e m a n  &  B r a n s c o m b  (1 9 6 2 ) suggest the 
existence of a b o u n d  excited state of the g round configuration of C “, possibly
{isf{2sf{2,pf 2D .
No. 4 , 1964 Continuous absorption by the carbon negative ion 293
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Fig. 3.— Continuous absorption coefficient of C~ using H.F. hound state functions and central 
field continuum functions with orthogonalization and exchange, o to 3 eV. Curve i :  
experiment {Seman & Branscomb 1962); curve 2: D.L.\ curve 3: D.V.
9 5 3
W av e le n g th  A (1000°A)  
1 0 5
25
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00
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30 40200 10
photon e n e r g y  (eV)
Fig. 4.— Continuous absorption coefficient of C~ using H.F. bound state functions and central 
field continuum functions with orthogonalization and exchange, o to 40 eV. Curve i: 
D.L.\ curve 2: D.V.
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O u r  results are compatible with this suggestion. A s s u m i n g  the b o u n d  zp^T> 
orbital of C "  is not significantly different f ro m  that of the (^S) state, the resulting 
cross section for small is about one-tenth of that f ro m  (^S)C“ . T h u s  provided 
not m o r e  than 5 0  per cent of the C ~  are in the p D )  state the contribution to the 
observed cross-section above the (^S) threshold should not exceed 3 per cent.
Acknowledgment
W e  wish to thank D r  P. Kelly for providing us with the b o u n d  state wave 
functions, a nd  the University of L o n d o n  C o m p u t e r  Unit for access to their 
“ M e r c u r y ” computer, and the University of Manchester “ Atlas” computer. 
O n e  of us (V.P.M.) is indebted to the University of L o n d o n  a nd  D.S.I.R. for 
research studentships.
Mathematics Departnmit,
Royal Holloway College,
Englefield Green :
1 9 6 4  January.
References
Bates, D . R., 1 9 4 6 . M .N .,  1 0 6 , 4 3 2 .
Bates, D . R. & Seaton, M . J., 1 9 4 9 . M .N .,  1 0 9 , 6 9 8 .
Branscomb, L . M . & Pagel, B, E. J., 1 9 5 8 . M .N .,  1 1 8 , 2 5 8 .
Branscomb, L. M ., Burch, D . S., Smith, S. J. & Geltm an, S., 1 9 5 8 . Phys. Rev., i i i ,  5 0 4 . 
Breene, R. G ., 1 9 5 9 . P .A .S .S .,  2 , 1 0 .
Cooper, J. W . & M artin , J. B., 1 9 6 2 . Phys. Rev., 1 2 6 , 1 4 8 2 .
Dalgarno, A. & Parkinson, D ., 1 9 5 9 . Proc. Roy. Soc. A, 2 5 0 , 4 2 2 .
Geltm an, S., 1 9 6 2 . A p. J .,  1 3 6 , 9 3 5 .
M yerscough, V. P. & McDowell, M . R. C., 1 9 C3 . Proceedings o f the S ix th  International 
Conference on ionization phenomena in gases (University of Paris), Vol. i ,  p. 1 3 5 . 
Roothan, C. C. J., Sachs, L . M . & Weiss, A. W ., i 9 6 0 . Rev. M od. Phys., 3 2 , 1 8 6 .
Seaton, M . J., 1 9 5 1 . Proc. Roy. Soc. A, 2 0 8 , 4 0 8 .
Seman, M . & Branscomb, L. M ., 1 9 6 2 . Phys. Rev., 1 2 5 , 1 6 0 2 .
Sloane, J. H . & Massey, H . S. W ., 1 9 6 4 . Atomic Collision Processes (ed. M cDowell, M .R .C .),
p. 1 3 . N orth-H olland, Am sterdam. •
Reprinted from
Proceedings o f the 
Physical Society
T h e  Institute of Physics a n d  the Physical Society
Printed in Great Britain by J. W . A rrow sm ith L td., Bristol 3
PROC. PHYS.  SOC. ,  1964, VOL.  84
The elastic scattering o f  slow  electrons by  
carbon
V. p. M Y E R S C O U G H  and M .  R. C. M c D G W E L L f
M athem atics D epartm ent, Royal Holloway College, U niversity of London 
M S . received 13th A pril 1964
A b strac t. Phase shifts, partial cross sections and total cross section for the 
elastic scattering of slow electrons by carbon are calculated in the static central 
field exchange approximation. T he scattering length is 1 85 ao and the zero energy 
cross section is 13-697t«o^. A resonance in the p-wave scattering is predicted at 
0-605 ryd, in the neighbourhood of the first excited state of carbon, and a Ramsauer 
m inim um  at 0-71 ryd.
1. Theory
Calculations of elastic scattering b y  many-electron atoms are prohibitively lengthy 
in general, except in the lowest order approximation, and accurate results including 
the effects of exchange with the incident electron are available only for hydrogen 
(e.g. M c D o w e l l  1964) and to s o m e  extent for helium (threshold only, =  0) (Bell et al. 
1964). Apart from their intrinsic interest such calculations for carbon w ould be of use 
astrophysically and in meteor trail physics.
T h e  elastic scattering of electrons b y  carbon has been studied b y  Cooper and Martin 
(1962) and Malik and Trefftz (1961). T h e  first authors use the Klein-Brueckner model 
with a Hartree-Fock carbon core, but no exchange, and restrict their attention to the 
/ =  0 and 1 = 1  partial waves. Malik and Trefftz apply the H u l t h é n - K o h n  variational 
m e t h o d  to a simplified, non-self-consistent, Hartree equation and consider / =  0 
only. In this paper w e  adopt a static central-held exchange formulation, and consider 
all /, since preliminary studies of free-free continuous absorption b y  C "  suggest that 
even at very low impact energies there are appreciable contributions to the elastic scatter­
ing from m a n y  ( ~ 7 )  partial waves.
W e  suppose the total w a v e  function for an electron of energy ryd in the field of a 
carbon atom to be a linear combination of Slater determinants for the configuration 
[{(2 p)^ ^ P}(^^/)]^L, where / is the orbital angular m o m e n t u m  of the free electron and 
L  =  / - t - l i f/ = 0,  otherwise L =  1—1. This w a v e  function is used to minimize the 
energy, leading to the static central-field exchange equations (i.e. continuum Hartree- 
Fock equations)
I 2Z l i l + 1) 1
L M )  .
= + 2  KvPnv{r)h- (1)
n,l'
t  Now at the M athem atics D epartm ent, U niversity of D urham .
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H er e  P n r W  ^re the r-multiplied radial functions for the nV orbital of C(^P), normalized 
such that
00
P nl'P nV'dl' = ^I'l" (2)
0
and Pj^\i{r) are the corresponding continuum solutions, normalized according to
sin(/^r-W7T +  8 ,) (3)
where the are the required scattering phase shifts. T h e  are parameters chosen to 
ensure orthogonality of the b o u n d  radial functions for a given / with the corresponding 
continuum function and Z  is the nuclear charge.
T h e  direct potentials Vj^i{r) are
=  - - { Y o ( 1 0 ,  10) +  Yo(20,20) +  Yo(21, 21)} (4)
r
and
W  =  U , o W  +  -^zY2(21,21) (5)
r
with Cl =  1/5, C2 =  1/10, Cq =  2/25, C4 =  1/14, c^  =  1/15 and Cq =  7/110. T h e
YjfnV, nl') are the standard Hartree functions (Plartree 1955). T h e  exchange potentials
are listed in the appendix; for / ^  3 w e  found these to have a negligible effect.
T h e  m e t h o d  of solution of these equations adopted has been discussed elsewhere 
(Myerscough and M c D o w e l l  1964) and for / >  2 is straightforward. For / =  0 and 1 
w e  mus t  consider the effects of the orthogonality conditions. W e  are required to solve 
an equation of the form
+ (6)
since in the case / =  0, A^g is found to be negligibly small ( ~  0 ( 1 0 “ )^). W e  write
=  Pk'.l +  ^2l k^~,l (7 )
where X21 is chosen such that P^^j is orthogonal to fgv T h e n  if w e  solve the pair of 
equations
— P2IJ PlPk^.l — k^l{Pk^,l) (^)
subject to the boundary conditions
t v . s i n  ( k r - h h +  <!>,)
these are equivalent to (6 ), and the orthonormal solution is given b y
Pp., = U p '^\i + K uu\i) (10)
c
where P]f  has the correct asymptotic form (3) if
C =  ± {l+ X 2 i^ -\-2 \2 i  cos (11)
the sign being chosen to ensure that Pj^^j is<a continuous function of k^. T h e  total
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elastic scattering cross section 0 ei(^^) is then given b y
Oei(*n = I -i(2/+l) sin^ 8, = 2 (W)
I  ^ I
where is in rydbergs.
(12)
2. Results a n d  discussion
2.1. Tabulated phase shifts
T h e  calculated phase shifts 0 ^  Z ^  7, are presented in the table for
0-02 ^  ^  3-1 ryd. W e  n o w  consider the individual phase shifts and partial cross
sections for each / in turn.
2.2. I =  0
T h e  calculated phase shifts Sq are s h o w n  in figure 1, together with those of Cooper 
and Martin and Malik and Trefftz. O u r  results lie between those of the other two
0-5
k  (ryd) 
10 1-5
-2 0
Figure 1. s-wave phase shifts Sq: I, Cooper and M artin  1962; II , present work;
I I I ,  M alik and Trefftz 1961.
0 05
k (ryd)
0 10
-03
o
-0 5
Figure 2. Effective range expansion for So*
calculations. In figure 2 w e  plot the effective range expansion
 ^cot Sq = ------- + O(Ze^) (13)
as a function of the scattering length being given by
lim k cot So =  — • (14)
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W e  find a =  1-85 and hence Oei(^^ =  0) =  13-69 T h e  / =  0 partial cross
section O q is given in figure 3, together with the results of Cooper and Martin and Malik 
and TrefTtz.
.^ 50
0-5
(ryd)
Figure 3. Partial cross section Qo‘. I, I I  and I I I  as for figure 1.
2.3. I =  1
T h e  p-wave phase shift decreases smoothly with increasing for hP' < 0-55 ryd, 
and, while is less than Sq close to threshold (k  ^ < 0 -2 ), it is of the s a m e  order in the 
remainder of this energy range, so that for 0-2 <  hP < 0-55, is m u c h  greater than 
Oq. T h e  behaviour of S^  above hP =  0-50 ryd' is s h o w n  in figure 4, and is of typical
00
-05
07 0 8 0-906
(ryd)
Figure 4. p-wave phase shift 8 i, in the region of the resonance and the zero.
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resonance form, the resonance occurring at approximately 0-605 ryd (8 -21 ev) and having 
a half-width F less than 0-01 ryd. T h e  anomalous behaviour of the corresponding 
partial cross section is s h o w n  in figure 5.
025 0 50 075
Cryd)
Figure 5. Partial cross section Q ii 1, Cooper and M artin  1962; II , present results.
W e  calculated solutions in the neighbourhood of the resonance at intervals of 0-02 ryd 
f rom 0-50 ryd to 0-75 ryd. T h e  subsidiary phase shifts and defined b y  equation (9) 
vary smoothly over this range, and are s h o w n  in figure 6 , and so does the Agp parameter.
0-6 0-9-0
-02
J - 0 4
- 0 5
-0 6
Figure 6 . Interm ediate 1 = 1 phase shifts defined by equation (9).
confirming that our solution is a well-behaved function of hP' throughout the resonance 
region. For hP very close to 0-605 our p ro gr a mm e s  for i(y-) gave s o m e  trouble, and 
w e  were unable to determine accurately. T h e  phase shift decreases rapidly from 
after passing though the resonance, having a zero at 0-71 ryd, causing a second 
(non-resonant) zero in Q-^  (see figure 5). It is tempting to associate the calculated 
resonance at hP =  0-605 ryd with formation of a virtual negative ion of carbon in the 
[(2p)2(3p)]^S state, but consideration of the energies at which this state occurs in the 
isoelectronic sequence N  I, O  ii, F  iii, etc., using a Glocker extrapolation formula
E(^S) =  +  y (15)
yields P(^S) =  0-093 ryd above the ground state of C “ . This is almost certainly
an underestimate since in that case both the and states of the ground (2 p)^
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configuration of C “ w ould be bound, and there is no evidence for this. It is unlikely, 
however, that equation (15) can be in error b y  0-6 ryd. W e  therefore suggest that the 
resonance is associated with the occurrence of the (2p3s)^Po state of the first excited 
configuration of C  at 0*55 ryd above the ground state of C. W e  should expect that if the 
resonance persisted in a many-channel calculation it w ould shift to lower energies 
(cf. T e m k i n  1963). Since w e  do not have any contribution from this ^P q state in our 
total w a v e  function w e  expect our results to be unreliable in the range 0-55-0*65 ryd.
W e  have also s h o w n  Cooper and Martin’s p-wave partial cross section in figure 5, 
but since their solutions are unorthogonalized they bear no relation to our present 
results.
2.4. / ^  2
For / ^  2 the calculations were straightforward and the results are given in the table. 
Values of 8 ,(^ )^ for / ^  7 were obtained b y  graphical extrapolation of 8 ; =  const.)
as a function of /, for 2 ^  ^  6 , the results being s h o w n  in figure 7. T h e  corresponding
0 4
03 07
0 2
03
L
Figure 7. Extrapolation for T h e  figures on the curves indicate the (constant)
value of hp-.
05 2 0
(rydJ
Figure 8 . H igher order partial cross sections Qi(/ >  2) . T h e  figures on the curves
indicate the value of I.
partial cross sections are s h o w n  in figure 8 . T he re  is no significant contribution to 
g>ei from any / >  7 in the energy range of interest.
2.5. 0e.(A")
T h e  final elastic scattering cross section for W' < 1-0 is s h o w n  in figure 9. T h e  
s-wave contribution Q q  is the dominant one for < 0*2 ryd while the p-wave cross
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section dominates elsewhere except in the neighbourhood of the resonance at 0*605 ryd 
and the R am sa u er  m i n i m u m  at 0*71 ryd.
025 0-5 075
/r^(ryd)
Figure 9. T otal elastic scattering cross section Qei(^^)-
Phase shifts S/CA:^) (rad)
\ z 0 1 2 3 4 5 6 7
A^ (ryd\
0  0 2 - 0  27 -0*04 0*01 0 * 0 1 2 0*014
0-04 -0*39 -0*08 0*02 0*025 0*030
0  06 - 0  48 -0*13 0*028 0*038 0*045
0  08 -0*56 -0*19 0*036 0*050 0*058
0  1 0 - 0  63 -0*25 0*044 0*060 0*072
0 30 - 1 1 5 -0*90 0*12 0*16 0*19 0 *20 0*16 0*08
0 50 - 1  46 -1*40 0*18 0*23 0*27
0 52 -1*44
0 54 -1*48
0 56 -1*51
0 5 8 -1*54
0  60 -1*57 s
0  62 + 1*35
0 64 + 0*98
0  6 6 + 0*65
0 *68 + 0*40
0 70 - 1  58 + 0*15 0*23 0*28 0*32 0*33 0*27 0 * 1 0
0 72 - 0*10
0 75 -0*40
0*90 - 1  72 -0*78 0*28 0*33 0*37
M O - 1  80 - 0*86 0*32 0*37 0*40 0*35 0*25 0*01
2* 1 0 -2*27 - 1*10 0*46 0*42 0*38 0*28 0*10 0 * 0 0
3*10 -2*54 -1*35 0*56 0*45 0*36
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Appendix
T h e  exchange terms in equation (1) for / =  0, 1, 2 are
X,o{P,\o) = --Yo(10, /e20)PioW 
r
- -Y o( 2 0,  /e^0)P,o('-)-:^Y,,(21, m) P ^y { r ) (Al)
r 3r
^ki(Pp.i) =  - ^ Y , ( 1 0 , A ^ l ) f i o ( , ) - A Y , ( 2 0 , /Pl)P,o(')3r 3r
+  -Yo(21, A " l ) P 2 i W - ^ Y , ( 2 1 ,  kH)P^,{r) (A2)
r 5r
k^2{Pk~.2) = —— ^2(10, k^ 2)PiQ{r) — — Y2{20, k^ 2)P2o{r)
5r 5r
+ A Y ,(2 1 , A ^ 2)f2 iW -^ Y 3(21 , ^^2)f2iW. (A3)
15r 35r
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Elastic scattering o f  slow  electrons by carbon: 
the contribution  o f  doub let spin states
Abstract. Static central field exchange approxim ation phase shifts for the 
[(2p)^ T]/e^O channel at im pact energies <  0 1  ryd are reported and used 
w ith previous results for the h^O ^P channel to obtain the partial cross section
W e  have recently reported calculations of the cross section for elastic scattering 
of slow electrons by carbon for total spins 5'^ =  f in the static central field exchange 
approximation (Myerscough and M c D o w e l l  1964). In these calculations w e  neglected 
the contribution from states of total spin and considered the case in which the
addition of a continuum electron of angular m o m e n t u m  Ih to a ^P carbon core gave 
total angular m o m e n t u m  =  / + 1  (/ =  0), 1—1 (I ^  0). (In the case / #  0 other 
possibilities arise.)
In this letter w e  report the results of calculations for =  0. T h e  total
configuration is then ^P without ambiguity, and the relevant radial integro-diflperential 
equation in the static central field exchange approximation differs from that already 
solved for the ^P (/ =  0 ) case only in the coefficients of certain of the exchange terms 
(Myerscough 1964, Thesis, London). Let and 8^ be the / =  0 phase shifts in the 
quartet and doublet states respectively. T h e n  the / =  0 contribution to the elastic 
scattering cross section is
QoUP) = ^ (2 sin=s„ + ( 1 )
at impact energy hf‘ ryd. T h e  results are s h o w n  in the table together with the previous
results QofbP') for quartet scattering only. T h e  threshold values are bracketed, and
represent an extrapolation using the effective range formula
A cot 8 =  +roA^ +  0 (A^) (2 )
a
yielding =  l*2 1 flo-
Zero-order phase sh ifts and partial cross sectio n s for e la stic  scatterin g  o f
s lo w  e lectron s by carbon
(ryd) Sq Sd
0 - — (13*68) (11*06)
0 02 - 0  27 -0*19 14*20 11*85
0 04 - 0  39 -0*30 14*45 12*54
0 06 - 0  48 -0*41 14*3 13*1
0 08 - 0  56 -0*52 14*1 13*5
0 10 -0*63 -0*62 13*8 13*7
(Phase shifts in radians; partial cross section in units of Tra^f.)
For >  0-1, 8 q and 8^ are in agreement to better than 1 % ,  so our previous results 
for Q q are unaltered. It is difficult to judge the effect of including doublet scattering
622
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on the / =  1 contribution, since exchange of the incident / =  1 electron with a core 
2p electron is an inelastic process (by at least 1 *26 ev) leaving the target system in a 
or state. Exchange should therefore be a second-order effect in the (/ =  1) 
case for <  0*1 and the phase shifts should approximate their non-exchange (Hartree) 
values. T h e  doublet contribution to the partial cross section w ou ld  then be small 
(Cooper and Martin 1962) and our previous estimate of < 0*1) m a y  overestimate
by as m u c h  as 2 0 % .
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